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Abstract

This paper studies how input-output connections among firms de-
termine the distribution and the welfare impact of market power in a
production network. Firms compete by choosing supply and demand
functions relating quantities to prices. In this way, firms’ ability to
affect prices, total surplus, and its distribution are endogenous ob-
jects and are determined in equilibrium by technology, the number
of competitors, and the network structure. In particular, firms take
strategically into account their position in the network, and have mar-
ket power on both input and output markets, to an extent that is
determined in equilibrium. In models in which firms do not take into
account their position in the network, I show that that market power
is weaker, and the final price larger. As a consequence, in such mod-
els the aggregate welfare impact of oligopolies is underestimated, and
some vertical mergers might be evaluated as welfare-improving when
they are not. Assuming one-sided market power in either output or
input markets can reverse the ranking of market power among sectors,
as measured for example by the welfare impact of a horizontal merger.
An equilibrium always exists for any network under a technology that
yields quadratic profit functions, and I provide an algorithm to com-
pute it, that is computationally feasible on realistic networks. Finally,
horizontal mergers (in absence of synergies) always increase the final
price, despite the presence of countervailing power.
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1 Introduction

Production of goods in modern economies typically features long and in-
terconnected supply chains. Moreover, many sectors are characterized by
superstar firms, whose size is very large relative to their sector or even the
whole economyE How are prices formed in this setting? How is surplus
split? How efficient is the process? This paper provides a strategic non-
cooperative model of large firms interacting in an input-output network
consisting of many specific supply-customer relationships. The model satis-
fies two requirements:

R1. Symmetric market power : all firms have market power over both
input and output goods, and no prices or quantities are taken as given.

R2. Global strategic interactions : firms strategically take into account
their position in the network.

To be concrete, consider a competition authority in charge of evaluating
merger proposals. Since evaluation takes time and effort, the authority
wants to decide on which sectors to focus 0nE| In order to do this, we
must be sure not to build into our models assumption that privilege some
sectors/firms with respect to others. For example, Section [7| shows that
in some simple sequential models that have been customarily used ad-hoc
differences in the order of moves changes the answer completely. Hence, the
importance of requirement R1.

The quantification of the distortions that may arise due to market power
has attracted a lot of attention recently, with many scholars arguing that
competition is in fact decreasing and market power on the riseE| In particu-
lar, Bagaee and Farhi (2017b) find that taking the input-output connections
into account can dramatically increase the size of the implied misallocation
in the economy. This paper shows that, if firms take strategically into ac-
count their position in the supply chain, the welfare loss is even larger.
Hence, requirement R2 is important to be able to correctly evaluate welfare
losses.

The novelty of my approach is to incorporate both requirement R1 and
R2. Firms’ simultaneously commit to supply and demand functions (a uni-
form price double auction), a methodology first introduced in Grossman
(1981) and Klemperer and Meyer| (1989). In this context, firms’ market

'In the terminology of |Autor et al.| (2020).

2Indeed, this is a common issue: for example, in the USA, legislation requires firms to
report merger proposals to the relevant authorities, but only for mergers such that the
assets of the firms involved lie above some pre-specified thresholds (see e.g. Wollmann
(2019))

9De Loecker et al.| (2020), |Gutiérrez and Philippon| (2016)), |Gutiérrez and Philippon
(2017).



power is directly connected with the slope of the supply and demand sched-
ule used, with a mechanism similar to the usual inverse elasticity rule in
monopoly pricing. The slopes are endogenous and, by treating input and
output goods symmetrically, market power is hence solely determined by
network position, competition, and technology. This way, there is no need
to introduce asymmetries in the timing of firms’ choices and treatment of
inputs with respect to outputs. The split of the surplus is also endoge-
nous, and there is no need to introduce parameters connected to bargaining.
What allows tractability, in a similar way to most models using supply and
demand schedules, are a quadratic functional form for the technology and
uncertainty in some (cost) parameters. The quadratic functional form yields
linearity of schedules in equilibrium, while uncertainty pins down the best
replies uniquely.

Theorems and [3] are the main results of the paper.

Theorem [1| provides an existence result for a Supply and Demand Func-
tion Equilibrium in linear strategies in any network. This approach does
does not need the assumption that the network is acyclic, as for example
the sequential models doE| The proof relies on the strategic complementarity
property of the game: the best reply to a steeper supply curve is a steeper
supply curve, where “slopes”, being matrices of coefficients, are ordered in
the positive semidefinite sense. So in this context, when a firm has larger
market power, every other firm has more market power in turn.

Theorem [2| shows that in this setting mergers always increase market
power. If, in addition, there is a single aggregate final good, mergers increase
the final price. Strategic complementarities are key again: the merged firm
will face less competition and so choose a flatter schedule, triggering com-
plementary responses from direct competitors, suppliers and customers, and
all firms connected through the network.

Theorem [3| shows that ignoring global strategic considerations (require-
ment R2) leads to less market power: in a similar model of competition in
supply and demand functions, in which firms ignore the rest of the network,
market power distortions are smaller. This is because if a firm does not in-
ternalize some reactions in the network, this amounts to the firm perceiving
a larger elasticity of demand.

The rest of the paper is organized as follows. The next paragraphs de-
scribe the related literature. Section [2| defines the model in full generality
and then explains the parametric assumptions needed for the analysis. Sec-
tion [3] illustrates the solution and the existence theorem. Section [7] presents
some of the benchmark models discussed above and clarifying the differ-

4The relevance of cycles in real production networks is not yet very clear, but on strict
terms, they are not acyclic. For example, [Tintelnot et al.| (2018)) estimates that no more
than 23% of the links in the Belgian firm-to-firm production network violate acyclicity.
This might justify assuming acyclicity as a first approximation, but is a number distant
from zero.



ences with my approach. Section [ illustrates the welfare impact of mergers
in Theorem [2| Section [5| presents the local version of the model and Theo-
rem [3] Section [f] explains how it is possible to solve the model numerically.
Section [§] concludes.

Related literature This paper contributes to three lines of literature:
the literature on competition in supply and demand functions, the literature
on production networks, and the literature on market power in networked
markets.

The use of supply schedules as choice variables in the analysis of oligopoly
was introduced in |Grossman| (1981), and in its modern form by Klemperer
and Meyer (1989). These studies feature market power on one side of the
market only, as typical in oligopoly modelsﬁ Vives| (2011)) studies the case of
asymmetric information. Akgun| (2004) studies mergers among firms com-
peting in supply functions, without the network dimension, finding that
mergers are always welfare-decreasing. My results show that some of the
mechanisms extend not only to bilateral trade but to trade in any net-
work. Among the papers that have dealt with the problem of bilateral
oligopoly, allowing for market power on both sides of the market, Hendricks
and McAfee (2010) is a model of bilateral oligopoly where players compete
through choosing a capacity parameter: the elasticity of the demand and
supply schedules is a given. My contribution with respect to them is a set-
ting in which the elasticities (slopes) of demand and supply are themselves
endogenous. Weretka, (2011)) attacks the problem constraining the schedules
to be linear (instead of getting this as an equilibrium result), thus gaining
traction in the analysis for general functional forms.

The use of supply and demand schedules is common also in the finance
microstructure literature and in the literature on multi-unit auctions. In
finance it was introduced and popularized by Kyle (1989)). From a technical
point of view, the closest paper to mine is Malamud and Rostek| (2017),
which studies trade in interconnected financial markets: some of their results
are formally similar to the “local” version of the model discussed in Section
Ausubel et al.| (2014) compare uniform price auctions with pay-as-bid
auctions and hybrid approaches.

It is convenient to divide the literature on market power in networks
in four parts: sequential models, local competition (sector-level), matching,
and bargaining. All differ from my approach, by departing from Require-
ments 1 and 2. Sequential models of supply chains have been studied in
the context of double marginalization by [Spengler| (1950)), in the context of
vertical foreclosure by [Salinger| (1988)), |Ordover et al.| (1990). Recently they

5These techniques are customarily used in the study of competition in electricity mar-
kets, since |Green and Newbery]| (1992). For a recent contribution, see |Delbono and Lam-
bertini| (2018)).



have been studied in [Hinnosaar| (2019) (price setting), Federgruen and Hu
(2016) (quantity setting), Kotowski and Leister] (2019)) (sequential auctions).
(Carvalho et al] (2020) build a tractable model to identify “bottlenecks” in
real production network data. In their terminology bottlenecks are those
firms that, if removed, would increase welfare. This mechanism is crucially
different from mine, because in their model links have exogenous capacity
constraints, and removing a firm removes the capacity constraint. By con-
trast, in my approach the amount of trade is the result of the balance of
market powers, and removing a firm leads always to an increase in market
power.

Papers where competition is at the sector level assume that either the
markup is an exogenously given wedge between prices and marginal costs,
such as Baqgaee and Farhi| (2017b), Huremovic and Vega-Redondo (2016)); or
is determined by oligopolistic competition at the sector level: ,
De Bruyne et al.| (2019), Baqaee| (2018). My results suggest that care has to
be taken in using this models to analyze welfare: limiting strategic interac-
tion at the sector level might make oligopolies less inefficient.
Tahbaz-Salehi| (2020) build a model where prices are formed through a link-
level bargaining process. This means that relative market power, though
affected by the network, will be crucially affected by the choice of bargain-
ing parameters. This means that, e.g., the relative market power across
sectors (hence the relative importance of mergers) is crucially affected by
these exogenous parameters: in my approach, the split of the surplus is in-
stead endogenous and depends only on the technology parameters and the
connections. Example [13]illustrates this point.

Also relevant are models that employ cooperative tools, such as stability
and matching. The literature started by |Hatfield et al.| (2013)) and recent
contributions are Fleiner et al. (2018)) and [Fleiner et al. (2019)). They con-
sider indivisible goods and firms that are price-takers. [Fleiner et al/] (2019)
studies the model in presence of frictions, that are exogenously given through
the utility functions, and not the result of the strategic use of market power.

Some papers study the interconnection of final markets of different firms,
without analyzing the input-output dimension. In this category fall Bimpikis|
et al.| (2019), Pellegrino (2019), Chen and Elliott| (2019).

My paper is also connected to an older line of literature, called “general
oligopolistic competition”, studying how to represent a full economy with
interconnected trades as a game (for a review see [Bonanno, (]1990[))E| My

5The closer in spirit is , who uses the market clearing conditions to back
up quantities as functions of prices, but his method is limited to Leontief technology, and
which defines an objective demand by means of a fixprice equilibrium,
thus not limiting himself to constant returns technology, but as a drawback having to
contemplate a rationing rule, and losing a lot in terms of tractability. These methods are
the analogous in their setting of the residual demand in Other important contributions
are [Dierker and Grodal (1986)), [Gabszewicz and Vial| (1972), and [Marschak and Selten|




contribution is to achieve a fully strategic model of the production side of the
economy through the use of competition in supply and demand functions. A
recent paper expanding on these themes is by |Azar and Vives (2018), that
develop a model of firms having market power on output and input markets,
but without the input-output dimension.

2 The Model

In this section I first define the model in full generality, that is without
making parametric assumptions on the technology and the consumer util-
ity, to clarify the generality of the setting. In paragraph [2.2] I discuss the
parametric assumptions needed for the subsequent analysis.

2.1 General setting

Firms and Production Network There are NV firms and M goods: their
sets are respectively denoted AV and M. Each good might be produced by
more firms, so N > M. I write ¢ — ¢ if firm ¢ produces good g. Each firm
needs as inputs the goods produced by a subset /\/;m of other firms, and sells
its outputs to a subset of firms N2%. N = NP UN™ is the neighborhood of
i. Firms and their connections define a weighted directed graph G = (N, E)
which is the input output network of this economy.

I denote d?“* the out-degree and dé” as the in-degree of firm 4. Firms
are connected if one is a customer of the other. FE is the set of existing
connections, £ C N x N.

Inputs of firm i are ¢;5,j = 1,. di" and outputs qg;, k = 1,...d%"" 1
denote the transformation function available to 7 as ®;. This is a function of
the input and output quantities, and also of a stochastic parameter ¢; that
has the role of a technological shock. The production possibility set of firm
i is {(qri)k, (¢ij);. i | ®i((qri)k, (¢ij);,€i) = 0}. Distinct firms can produce
the same good or differentiated goods.

Consumers Consumers are a continuum and identical, so that there is a
representative consumerm The labor market is assumed competitive, that
in particular means firms will have no power over the wage. Hence the wage
plays no role, and so we are going to assume that the labor is the numeraire
good, and normalize it to 1 throughout. Similarly to the firms, I am going
to assume that the consumer utility depends on stochastic parameters €. =
(€ic)i, one for each good consumed: U(c, L,¢e; ). The joint distribution of

(2012).

'In particular, it is assumed that each infinitesimal consumer owns identical shares of
all the firms so that we avoid the difficulties uncovered by Dierker and Grodhal: see the
Introduction.



e = ((&)i, (€ic)i) as F. Denote the demand for good ¢ derived by U as
Dci(piygc)-

Notation I write p?“! for the vector of all prices of ouputs of sector i, and

pqut

_pin

(2

of ones of lenght d?"*, while u!" a corresponding vector of ones of length d'",
out )

and u; = < Ui ) Similarly, I; is the identity matrix of size d?“! 4 d/,

—W

pé” for the vector of input prices, and p; = ( ) u?"" denotes a vector

while I'™ and I?* have respectively size di* and d¢*.

Unless specified differently, the inequality B > C' when B and C are
matrices denotes the positive semidefinite (Lowner) ordering. That is: B >
C if and only if B — C' is positive semidefinite.

The Game The competition among firms take the shape of a game in
which firms compete in supply and demand functions. This means that the
players of the game are the firms, and the actions available to each firm i
is a vector of supplies for outputs (Sk4,- - -, Skdquti)7 demand functions for

intermediate inputs (Dyj,, ..., Dij ., ), and for labor 4;(+) defined over a set

D; of tuples of input-output prices and stochastic parameter (p;,e;) € D;.

The reason to introduce a stochastic parameter is that this type of mod-
eling has a classical multiplicity problem, as illustrated by Figure The
solution, both in the oligopoly and in the market microstructure literature,
consists in introducing some source of uncertainty, so that all feasible prices
can be realized in equilibrium for some realizations of the uncertainty, and
this pins down the full demand or supply schedules rather than just a point
on them.

Differently from the Klemperer and Meyer|(1989) setting, where a stochas-
tic shock to the exogenous demand function is sufficient to pin down unique
best replies, in a supply chain, or more generally in a network economy, more
prices have to be determined. This means that the uncertainty in demand
alone is not able any more to solve the multiplicity problem. In a network
setting, we must add a source of uncertainty in every market, that is one
for every price to be determined. That will be the role of the productivity
shock, shifting the amount of good that a firm is willing to buy from its
suppliers and simultaneously the quantity that it is willing to sell.

The feasible supply and demand schedules must:

i) be nonnegative;

ii) satisfy the technology constraint, that is for any possible (p;,¢;):

®;(Si(pis i), Di(pi, €i), li(pir i) €i) =0 (1)



quantity exchanged

Best replies of seller

p* price of exchange p

(a) If optimal price for seller is p, all red lines represents best replies.

quantity exchanged

NOT a best reply anymore

price of exchange p

(b) Since the parameter ¢ is stochastic, the seller will adjust its supply function
in order to pin down the optimal price for any realization of €;, thereby destroying

the multiplicity.

Figure 1: Multiplicity problem and solution in Supply Function Equilibrium.



iii) the joint map (Sj, D;) must be continuously differentiable and have
Jacobian derivative with respect to prices (pf“t, pz ™), J; ot —pins €V-
erywhere positive semidefinite on the support, and has rank at least
d; — 1 (the maximum minus 1 ﬁ note that the differentiation is done

with respect to the variables (pf“t, —pi){]
iv) they have a bounded support.

The trades among firms have to satisfie market clearing for any good.
These conditions allow us to define the vector of realized prices p*(g) through
the market clearing equations. The market clearing conditions are:

Z ‘ng OUt,pj ) ] Z Sgk 7pk agk) g E M
J:.9—7 k,k—g

ch pcgygcg Z Sgk DUtzpk agk) ifg eC (2)
k,k—g

To show that the regularity conditions indeed imply that the market clearing
system can be solved, the crucial step is to show that they translate to
regularity conditions on the Jacobian of the function whose zeros define
the system above, and then a global form of the implicit function theorem
(Krantz and Parks| (2012), Theorem 6.2.4) can be applied. This is done in
the next Proposition.

Proposition 1. The market clearing conditions define a function:
p* : Xigi — RL_EM‘EW

Note that p* is also differentiable, but since all the equilibrium analysis
and hence the optimizations, will be performed in the linear case, we are
not going to use this property in the following.

Now that we built the prices implied by the players’s actions, we can
define the payoffs. These are the expected profits calculated in the realized
prices p*:

Wza(Szawau za = Zpkzssz sz] i, T ia (3)

where to avoid clutter I omitted to write each functional variable.

8The Jacobian might not be positive definite because the technology constraint implies,
by the chain rule: V&®; 5sJS; +V®; pJD; +V®;;Jl; = 0. Depending on how labor enters
the technology this might become a linear constraint on the rows of the Jacobian: it is
indeed what happens under the parameterization introduced in as will be clear in the
following.

9The matrix J pout,—pin is equal to J; pout pin but for the fact that all the columns

P} Pl
corresponding to 1nput prlces have the opp051te sign by right multiplication by the matrix



Hence, formally, the game played by firms is: G' = (I, (Aia)(,0)er> (Tia) (i,0)ers £);
where I = {(i,a) | it = 1,2, a = 1,...n;} denotes the set of firms, and A;, is
the set of profiles of supply and demand functions that satisfie the assump-
tions above.

Example 1. Standard Supply Function Equilibrium

The model by Klemperer and Meyer| (1989) can be seen as a special case
of this setting, in which there is only one sector and the network G is empty,
as illustrated in Figure Their setting is a “partial” equilibrium one, in
which the consumers do not supply labor to firms but appear only through
a demand function D(-), and firms have a cost function for production C(-),
that does not explicitly represent payments to anyone. The strategic en-
vironment is precisely the same though: if the setting of this section the
transformation function is ®4(q¢a, %) = C'(¢a) — £a, and the consumer
utility gives rise to demand D, the game G played by firms is precisely the
same as in [Klemperer and Meyer| (1989).

C

Figure 2: The (degenerate) production network of Example |1} there is only
1 Sector whose firm sell to the consumer.

The welfare of the consumer is U(C, L), where C(p*, €) = (Cei o (pi; €i))i,a
is the vector of quantities of goods consumed in equilibrium, and L =
> ia li,a(Pi,€i) is the total labor used in the econom The consumers, be-
ing atomic, take all prices as given and thus are a non-strategic component
of the model, that enter in the game only through their aggregate demand
function.

Supply and Demand Function Equilibrium To compute the predic-
tions of the model I just need to specify the role of the stochastic parameters
e. I will use it as a selection device, as made formal by the next definition.

Definition 2.1. A Supply and Demand Function Equilibrium is a profile
of prices and quantities of traded goods (p;;, ¢;j) for all (ij) € E that realize

107t is not necessary to impose a “labor market clearing” condition because it is re-
dundant with the budget constraint of the consumer, consistently with the decision to
normalize the wage to 1.

10



in a Nash Equilibrium of the game G for F 250
pij = Pfj(o)
ZDW (pjj:0) Y(i,j) € E (4)

So in practice I am using the stochastic variation to “identify” the equi-
librium schedules, but when computing the equilibrium predictions I am
considering the case in which the shock vanishes.

2.2 Parametric Assumptions

To obtain a tractable solution, I adopt parametric assumptions on the
technology. Since firms may produce more than 1 good, I have to ex-
press the technology via a transformation function. Specifically, assume
that the production possibility set of each firm « in sector ¢ be the set
of (Gk,ia)ks (Giaj)js (lia,kj)k,; such that there exists a subdivision (2jq,kj) of
inputs satisfying ginj = >4 Zia,kj, and:

qk’ia - Z wzj min{ziavkj’ zia:kj} + a’\/m k - 17 ceey det (5)
J

The idea of this functional form is that intermediate inputs g;, ; have
to be first allocated to the production of one specific output good: z;4 x; is
the amount of input j allocated to the production of the output to be sold
to sector k. Moreover, each input needs to be complemented with a specific
amount of labor Zm?kj. Labor can be allocated to generic tasks too (we can
think to management, organization, anything that is not related to dealing
with a specific input), and we denote this amount as (j ;. Zia,kj represents
a measure of “effective labor hours”, and is equal to:

liokj = —€i +\/€7 + 2ia kj

where l;, 1; is the amount labor hired by the firm to deal with input j in the
production of output to be sold to k. ; is a sector-level labor productivity
shock. It changes the marginal product of labor: a large ¢; means that labor
is not very productive.

This functional formlE turns out to be particularly convenient because

at the optimum we must have —e; + 6? + 2liakj = Zia,kj, S0 that L =

A more classical choice, especially in the macro literature, is the one of a production
function belonging to the Constant Elasticity of Substitution class. This does not yield
tractable expressions here. Notice, however, that the functional form in [§] can be seen as
the limit of a nested CES:

o—1

p=1\ 52T\ ©
Zw” min{lio kj, Ziokj } = hm (Zw” << iaki (€ )(p D 4 20- kj) o ) )

J pHO

11



EiZiakj + %z?a,kj. We can similarly re-define v/Zk,ia = 12 . | and the profit

ko
function becomes linear-quadratic:
1 2 Lo
Tiow = Ek:pkiQk:,ia - sz‘j%'a,j — & Z Ziokj — 9 Z Zioki §lk,ia (6)
J
where the inputs and outputs have to satisfie the technology constraints:

Giaj = Z ZiokjQk i = Zwijzm,kj + aly i
k J

The term €; ) | Ziq kj + % > zizmkj + %lz,m is the cost paid to hire labor. This
makes it apparent that €; acts reducing the productivity of labor (effective
labor hours), and so increasing the amount of labor necessary to achieve
the same level of production. This will be crucial in achieving a linear best
responseE

If a sector uses no intermediate inputs but only labor, the technol-

ogy is qui = g = —ei + w/e? + 2liq. %, so that the profit becomes: m;, =
>k PriGkia —€i 2 Qkjia — % > q,im. So we can see that in this case the func-
tional form reduces to a standard technology with quadratic cost function,
used for example by |Pellegrino (2019), Klemperer and Meyer (1989) and
many others.

The analogous assumptions on the utility function of the consumer are
that it be quadratic in consumption and (quasi-)linear in disutility of labor

L:
Ai,c+€i,c 1 1
Ul L) =Y =5 e =53 m—ci — L

i
This means that the consumer has demands of the form: D.; = max {Ai - B,

Example 2 (Standard Supply and Demand Function equilibrium —
parametric). Consider the setting of |1} that is the one sector model. The
parametric assumptions in this setting reduce to assuming that the firms
have a quadratic cost. Indeed by the same reasoning as above the profit
function becomes: )
= pg—eiq— 50 (7)
Graphical intuitions Before delving into the formal details, I will give a
graphical illustration of the main mechanisms of the model.
Figure |3| illustrates the mechanics behind the strategic complementarity
mechanism. In the left panel, it is shown that the supply function (red line)

121t is the analogous in our setting of the assumption of linear/quadratic cost func-
tion, common in standard supply function models (Klemperer and Meyer| (1989), Delbono
and Lambertini (2018)), and the assumption of gaussian random variables and constant
absolute risk aversion in the finance setting (Malamud and Rostek| (2017)), Kyle| (1989))).

12
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price of exchange p price of exchange p

Markup

Supply of firm «

<= ===
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increase
Markup if
no reaction

quantity

Figure 3: Strategic complementarity among demand and supply.

chosen by a firm as a best reply to the residual demand D" (the blue line)
has to have larger slope than the marginal cost curve, which is the supply
function chosen by a firm under perfect competition. The gap between the
curves is the (absolute) markup charged by the firm. When the residual
supply shifts (right panel), firm « is facing a smaller elasticity, so it wants
to increase the markup. To do so it must choose a supply function that is
steeper.

3 Solution and Existence

In the following I will focus on S&D equilibria in symmetric linear schedules.

Definition 3.1. A Supply and Demand Function Equilibrium in symmetric
linear schedules is a profile of functions o = ((Sia)a, (Dia)a, (lia)a)i defined
on open sets (Piq)ia X (Eia)ia such that:

i) o is a Nash Equilibrium of the game G;

ii) (Symmetry) in each sector ¢ firms play the same schedules: D;, = D,

Sia = Si, lia = i

iii) a) (Inactive links) for each ¢ there exists a subset of neighbors N; g C N
such that the relative demand or supply function is identically O;
these are called inactive links; call the number of active links df < d;,

and the prices relative to active links p? = (p7**, —pi™®)

)

13
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b) (Linearity) for all ¢, for all active links e € N;/ANp,; there exist a
vector B;. € R% and a matrix B; € R% >4 and for all (piyei) €
gi X 'PZ

Si a
< D; ) = Bip; + Bic&i (8)
and both S; > 0 and D; > 0 hold.

iv) (feasibility) If p*(0) is the solution of [2| for ¢ = 0, then p!(0) € P; for
any 7.

Note that [il implies that B; is positive definite for all 7, because it is the
Jacobian of the schedule with respect to (p“t, —pi™).

This game is in principle very complex to solve, being defined on an
infinite-dimensional space. In practice however, things are simpler, because
a standard feature of competition in supply schedules, both in the finance
and IO flavors, is that the best reply problem can be transformed from an
ex-ante optimization over supply functions in an ex-post optimization over
input and output prices, as functions of the realizations of the parameter
€;. In this way the best reply computation is reduced to an optimization
over prices as in a monopoly problem. The crucial complication that the
input-output dimension adds to e.g. Malamud and Rostek| (2017)) is the way
the residual demand is computed. In an oligopoly without input-output
dimension, as in Example [, the residual demand is the portion of the final
demand that is not met by competitors. In our context this remains true,
but in computing it, players have to take into account how a variation in
quantity supplied affects the balance of trades, hence the prices, in the rest
of the network. Let us first define the residual demand in this setting.

Definition 3.2 (Residual demand). Given a profile of linear symmetric
schedules (((Sia)a)i, (Dia)a)i, define the residual demand, and the residual
supply of sector i as the amount of demand and supply remaining once all
market clearing conditions but those relative to sector ¢ have been solved.
Formally:

r 7,0 _ 7,0 out ,in
1k(pk 7pi>5k7€i) - nkJDkZ(pk 7€k) - (nl - 1)Skz(pz » Di ,61‘)
demand from sector k supply by competitors

SH®} piegre) = n3Si(p5e;) — (mi— DDi(piei) Vi k €N;

supply from sector j ~ demand by competitors

where p™* is the residual price function of sector ¢, and is:

i) just the price for all inputs and outputs of i: pfjl = Dij, pZ’f = Dii;
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Figure 4: A line production network.

ii) for all other prices, it is the function of p; and € defined by the market
clearing conditions [2, excluding those relative to the input and output
prices of i.

Example 3. (Line network)

The easiest setting in which to understand the mechanics of the residual
demand is a line network, as illustrated in Figure

What is the residual demand (and supply) in this setting? to understand
this, consider a firm in sector 1 that needs to compute its best reply to the
schedules chosen by all others. (Details can be found in the Proof of Theorem
. The demand curve faced by a firm in sector 1 is:

naDa(p3, p1,e2)  —(n1 —1)S1(p1,€1)
—_—

Direct demand from sector 2  Supply of competitors

for different choices of a supply function S1,, different prices p; would realize,
as functions of the realizations of 5. For the best-responding firm, it is
equivalent then to simply choose the price p; it would prefer for any given
€1, and then the function Si, can be backed up from these choices. But
naturally also p3 is determined in equilibrium, and this has to be taken into
account when optimizing. In particular, the market clearing conditions for
sector 2:

n2S52q (P2, p1,€2) = D(p2) + €

define implicitly ps as a function of p; and the shocks. This allows to
internalize in the price setting problem of firm 1 the impact that the variation
in p; is going to have on ps, for given supply and demand schedules chosen
by other players. The same reasoning holds for the supply function. If we
assume that all other players are using linear supply and demand schedules

Si(p1,e1) = Bi(p1—e¢1), D2(p2, p1,£2) = Ba(pa—p1—e2) we get the following
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expressions for the residual demands:

no By

D =——="=__(A.+¢.— Bep1) — (n1 — 1)Bi(p1 —
' = B. T naBs (Ac+e p1) — (m — 1)Bi(p1 — &1) (9)
TLQBQ
5y =———— (Ac+ec — Bep1) — (na — 1)Ba(p2 — p1 — 1
5 Bc+n2B2( t+e p1) — (n2 — 1)Ba(p2 — p1 — €2) (10)
D; =A.+ec— B.ps — (7”L2 — 1)Bg(p2 —p1— 52) (11)

which clarifies how, even if each firms acts ”locally” choosing its own input
and output prices, actually the problem depends from the parameters of the
whole economy.

Downstream market (0) Downstream market (0)

Supply
New slope S of firm 0
: ’ ol AQ if
| ‘ o , | : R0 constant
AN Py
o q R
———— D1 l L
AQ(S1) AQ(Sy) AQ

if po adjusts

Figure 5: Strategic complementarity across the supply chain.

Figure [5] illustrates how the strategic complementarity extends through
the residual demand when firms are indirectly connected through the supply
chain. Consider the production network depicted in Figure @ The slope
(and elasticity) of demand that firms in sector 1 face depends on how a
variation in price p; implies an adjustment in price pg. A variation in price
p1 implies a shift in the supply curve of firms in sector 0, as the left panel
of Figure [5| shows. This implies an upward adjustment of the equilibrium
price. The resulting variation in demanded quantity depends on the demand
faced by the firms in sector 0, the downstream market: the steeper the
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slope of demand the larger the price adjustment in the downstream market,
the smaller the variation in quantity demanded. Hence a large slope of
the downstream demand propagates upstream, resulting in a larger slope
of demand faced by sector 1. The right panel illustrates that taking into
account price adjustment the demand slope perceived is always smaller: this
is because all variation is absorbed by quantity, and 0 by the price.

3.1 The input-output matrix

Residual demand and supply are the curves against which each firm will
be optimizing when choosing its preferred input and output prices. It is
natural therefore that they embed the information about relative market
power. The key way through which the structure of the economy (i.e. the
network) impacts these functions is via the dependence of the prices p* on
the input and output prices of i. To understand this, consider the market
clearing equations.
The market clearing equations [2 define a system:

Sqa=D;y Yi,le N,i—1
Sie=Di, VieN,i—c (12)

If all other firms are using symmetric linear schedules with coefficients (B;);,
then this is a linear system, because all equations are linear in prices. We
care about the solution of the system, so the ordering of the equations does
not really matter. Let us rewrite the linear supply and demand schedules in
a block form as:

S. pqut B Sput B Sm pqut

K3 (3

(In case the sector employs only labor for production the matrices BD are
empty).

So we can rewrite the system [12] as:
mBSP " — m BD]pi™ — ng BDY p?™ + i BDi pi* =0 Vil € N,i—1

niBSZZ,tp‘?“t — niBDf”,pén + Bicpic=Aic YieN,i—=c

% ,C

BS{Hp* — BD[pi" >0 Vi€ N,i—1, p>0 (13)

To clarify the structure note that the market clearing equation for link
[ — 4 involves all prices of trades in which sectors [ and 4 are involved.

Definition 3.3 (Market clearing coefficient matrix). The Market clearing
coefficient matrixz corresponding to a profile of symmetric linear supply and
demand schedules (S;, D;); is the matrix M of dimension |L| x |L|, where L
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is the set of active links according to the profile (S;, D;);, such that for all
active links the market clearing system [12] in matrix form is:

Mp®= A+ M.e (14)

The vector of constants A is zero but for the entries corresponding to links
to the consumer (that have value A, = Ag).

This matrix M is the fundamental source of network information in this
setting: it is a matrix indexed on the set of links of the network (which
correspond to prices and equations in , that has a zero whenever two links
do not share a node, and p is a vector that stacks all the prices. To have
an example, consider the graph in Figure [f] case in which sector 0 has two
suppliers: 1 and 2, and 1 itself supplies 2. If the profile of coefficients is
(Bi)i, the matrix M (when rows and columns are appropriately ordered) is:

P10 P20 P12 Poc
(1 =0) /Bi11+ Boae Bo,23 Bi1.12 —Bo,12
(2—0) Bo 32 Bo 33 + Ba211 —B212 —Bo3
(1—2) Bi 21 —DBs 21 Bi 22 + B2 .22 0
(0—=¢) —Bo21 —Bo,31 0 B:+ Bon

We can see that the only zero is in correspondence of the pair of links (0, ¢)
and (1,2) which indeed do not share a node.

In network-theoretic language this is the (weighted and signed) adja-
cency matrix of the line graph of the input-output network G. That is the
adjacency matrix of the network that has as nodes the link of G and such
that two nodes share a link if and only if the corresponding links in G have a
common sector. Note that this graph is undirected, which has the important
implication that if all the coefficient matrices B; are symmetric then also
the matrix M is.

To obtain the residual demand, the linear system can be partially
solved to yield p*, — the vector of all the prices of transactions in which
sector 7 is not directly involved — as a function of p;:

péi = (M—i)fl(—MCiPi +A_;+ M)

where A_; refers to all the rows of matrix A that do not involve links entering
or exiting from node ¢, and M, is the i-th column of M. This can be
substituted in the supply and demand functions of suppliers and customers
of i to yield the expression in the next proposition.

Proposition 2. If all firms in all sectors j # i are using symmetric linear
supply and demand schedules with symmetric positive semidefinite coeffi-
cients (Bj);, generically in the values of (Bj); there exist a neighborhood of
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Figure 6: (left) A simple production network: ¢ represents the consumer
demand, while the other numbers index the sectors. (Right) The line graph
of the network nearby.

0 & and a set P; C R%E such that the residual supply and demand schedule
for active links of sector i is linear and can be written as:

D! - _
( S ) = —Ai — ((ni = 1)B; + A7 )pf — Ace
K]

Moreover, A; is symmetric positive definite and equal to the matriz
[M.Y;, where:

)

o M; is the matriz obtained by M by setting B; to 0;

o if A is a matriz indexed by edges, [Al]; is the submatriz of A relative
to all the links that are either entering or exiting ©.

The coefficient A; can be thought as a (sector level) price z'mpacﬂ the
slope coefficients of the (inverse) supply and demand schedules, describing
what effect on prices firms in sector ¢ can have. It is a measure of market
power: the larger the price impact, the larger the rents firms in that sector
can extract from the market.

Now we can state the theorem. Define the perfect competition matrix

for sector i as
o wgwilout uf“tw;
) w; (Uout); d?UtF'n
Appendix [AZ3] shows that this is the matrix of coefficients of demands
and supplies chosen by a firm that takes prices as given.

Theorem 1. 1. If there are at least 2 firms per sector, generically in the
entries of 0 a non-trivial linear and symmetric Supply and Demand
Function equilibrium exists;

13Using a financial terminology. It is also the reason for the notation: from [Kyle| (1989)
it is common to denote A the price impact of traders.
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2. The equilibrium coefficients (B;); can be written as

B i} Byt u’B
’ B, B;

for a symmetric positive definite B; (hence they are positive semidefinite).
The equations that characterize them are:

. . \—1
B, = ([0;1]71 + ((nl — I)Bi + Al)) (16)
where A; is the constrained price impact:

_ 1
—1 —1~ ~rp—1

and the equilibrium prices are all strictly positive: p > 0.

The equilibrium coefficients (B;); can be found by iteration of the best reply
map, starting:

o “from above”: the perfect competition matriz C;;

e “from below”: any sufficiently small (in 2-norm) initial guess.

The trivial equilibrium in which every supply and demand function are
constantly 0, and so no unilateral deviation yields any profit because there
would not be trade anyway, is always presenﬁ The condition that there
are at least two firms in each sector is sufficient but not necessary, indeed in
particular cases without the input output dimension it is sufficient that at
least three firms participate in any exchange (Malamud and Rostek] (2017))).

Part 3) will be important for the numerical solution of the model, as
discussed in Section [6]

The constrained price impact that appears in equation [16is the matrix
that represents the projection on the space of vectors that satisfy the tech-
nology constraint » , qx; = >  Wijdij- It is thus the necessary adaptation of
the concept to an input-output setting: the technology constraint restricts
the degrees of freedom that firms have in impacting the market price.

The expression for the best reply highlights the role of the price impact.
If A = 0 then B; = C; and the outcome is perfect competition. Moreover,
we can see that also if n; — oo the model predicts the perfect competition
outcome, as it should.

The proof proceeds in two steps:

This is a feature of the particular technology used, in which labor is a perfect com-
plement to intermediate inputs. In principle if this were not the case a firm producing
some final good might find profitable to deviate from the no-trade equilibrium using some
labor to sell to the consumers. This would break our assumption on the technology and
the linearity of the equilibrium though.
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a) I prove that if a profile of matrices (B;); satisfies equation (16 on a
subnetwork of the original one, and is such that for ¢ = 0 all implied
trades are positive, there exist domains (£, P;) for the linear supply
and demand schedules (S}, D}) with coefficients B} such that they are
a Nash Equilibrium;

b) I prove that such a profile of matrices exists.

The result can be only stated for generic values of the parameters, and
for neighborhoods of £ = 0 because the possibility of corner solutions means
that the residual demand in general will only be piecewise linear, and the
best reply to piecewise linear strategies in this setting might produce a
discontinuous schedule (see |Anderson and Hul (2008) for an example). To
avoid this technical problems, we consider locally defined schedules. In
principle it might be the case that precisely at ¢ = 0 and p = p*(0) some
best reply has a change in slope: but this happens for non generic values of
the parameters.

Step a) follows the same principles of Klemperer and Meyer| (1989) and
Kyle| (1989)): the infinite dimensional optimization problem over supply and
demand functions can be reduced to a finite dimensional one of choosing
prices taking the stochastic parameters ¢ as given. The main difference is
that we have the input-output dimension, embodied by the residual demand.

Step b) takes advantage of the fact that the best reply equation for
coefficient matrices [16]is increasing in the coefficients of others with respect
to the positive semidefinite ordering, hence a converging sequence can be
built. This allows to prove also Part 3). Care must be taken because the
positive semidefinite ordering does not have the lattice property, and so
the techniques of supermodular games cannot be applied directly. Similar
techniques are used in [Malamud and Rostek (2017]).

All proofs are in the Appendix.

Example 4. Networks with no corner solutions

If the network is a tree such that each sector has just one customer sector,
as in Figure [7] then it is easy to prove that in equilibrium there is trade on
all links. Indeed, by Theorem [I|, equilibrium prices are all strictly positive.
Then, if ¢ has 0 suppliers, then in equilibrium produces ¢; = B;p; > 0. If
sector j has only roots as suppliers, since they all produce strictly positive
quantities it follows that ¢; = > wjrqr > 0. Iterating the reasoning we
obtain that on all links there is positive trade.

To complete the section, I state two corollaries. The first concerns a
partial uniqueness result. Consider sector i, and consider given a profile of
coefficients of firms in other sectors, that is, consider the sector level price
impact A; as given.

Corollary 3.1. If we consider the sector-level game played just by firms in
sector ¢, this has a unique linear symmetric equilibrium.
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The next corollary shows that in an interior equilibrium we do not need
to worry about exit of firms: profits are never negative.

Corollary 3.2. In equilibrium, if quantities are nonnegative, profits can be
expressed as:

= (i) (- quem ) (9

7

where V; = ézBl + k%’l]iﬂ;Ai_l(Ii — ész)
In particular since Bi—%Vi’ C;V; is positive semidefinite, profits are always

nonnegative in equilibrium.

3.2 The role of the network

This section describes how the network of input-output relationships affect
the equilibrium of the model. The matrix of coefficients of the market clear-
ing system, M, contains the fundamental network information in this set-
ting. The next Proposition shows that the matrix M has a familiar Leontief
form.

Proposition 3. In equilibrium, the matriz M 1is positive definite, and has
positive diagonal and nonpositive off-diagonal elements. In particular, we
can write:

M=D-1L

where D is a positive diagonal matriz, and L a nonnegative matrixz with 0
diagonal elements.

Proposition [3| together with the definition of M imply that L is an
adjacency matrix of the line graph £(G) of G, in the sense that it has a
nonzero entry only if the links corresponding to row and column share a
node. The weights are endogenous, and depend on the equilibrium profile
of demand /supply coefficients.

Inverting the matrix M and collecting the diagonal D on both sides we
get:

M*l — D*l/Q(I . D1/2LD1/2)71D71/2

which shows that M ~! is, modulo a normalization, has the familiar form
of a Leontief inverse matrix. It is standard that entries of matrices of this
form constitute a measure of the (weighted) number of undirected paths
connecting the nodes in the network.

Now with the help of Proposition [2] we can understand how the price
impact relates to the network. Indeed, according to Proposition [2, to obtain
the price impact of say node 2 first we have to eliminate the links of the line
graph connecting input and output links of 2. This is equivalent to building
the line graph of the reduced network G_o, from which we removed the node
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Figure 7: Left: A production network shaped as a regular tree. c¢ represents
the consumer demand, while the other numbers index the sectors. Right:
the reduced line graph with respect to sector 2.

C

2. Since this is a tree now we have two separate subnetworks. These are
illustrated in Figure [7| (right). Then, by a reasoning similar to Proposition
[B above, the entries of the matrix Ay count the number of weighted paths
between input and outputs of 2. But since in the reduced network input and
output links are disconnected, the matrix is diagonal, and can be partitioned

into: "
D 0
Ai = < o S )

(2

where D; ! is the (weighted) number of self loops of the output link in £(G),
and S’l_ 1'is the matrix with on the diagonal the number of self loops of the
input links in £(G).

Figure [§] illustrates the network intuition between the decomposition of
A. Tt is very similar to the line network: the more upstream the sector is,
the larger the portion of the network in which the ”self-loops” have to be
calculated. Hence the more elastic the demand it is facing. This is because a
larger portion of the network is involved in the determination of the demand,
and each price variation will distribute on a larger fraction of firms. The
intuition is precisely the reverse for the supply coefficients, represented in
Figure [9]

Similar reasonings are at work for other networks, with the difference
that in general inputs and outputs are not independent in the reduced net-
work. Consider for example the network in Figure [ff What is the price
impact of sector 27 In Figure [10] is represented the reduced network. Since
now input and output links of sector 2 are connected, this means that As is
not diagonal anymore.
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Figure 8: The relevant subnetworks of the line graph £(G) for the calculation
of the price impact of sector 2. Left: output, right: inputs.

<~
@ (o]

Figure 9: The relevant subnetworks for the calculation of the price impact
for sector 0. Left: output, right: inputs.

4 Market power and mergers

In this section I show how the model provides an answer to the question
raised in [7} and other examples. I distinguish between horizontal mergers,
that is mergers between firms that have the same set of neighbors, and
vertical mergers, that is mergers among firms that are connected through
customer-supplier relationships.

As before, a horizontal merger in this setting is simply a decrease in the
number of firms, n;. This is because firms are assumed to be identical and
to have no capital, hence the merged firm is ex-ante identical to the non-
merged firms, but for the fact that there is one firm less in the market now.
The results apply also if firms are not identical, but the new merged firm
is identical to one of the merging firms. This describes a situation where,
for example, the merging firms have different productivities, but after the
merger only the most productive technology is used, so that the after-merger
firm is identical to the most productive of the merging firms.

First, I show in an example that revenues are not a sufficient statistics
for the impact of mergers in this setting.

Example 5. (Revenues are not a sufficient statistics for horizontal
mergers)
Consider a tree oriented differently than in Section [7] as in Figure
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Figure 10: The subnetwork of the line graph in Figure |§| for the calculation
of the price impact.

0061 o ® Sector 0
Sector 1

Welfare loss from a merger
[ ]

N. of firms for each sector

Figure 11: On the Left the network considered in the example, on the Right
the welfare loss from a merger for different initial numbers of firms.

consider the case in which the technology is such that w; = ws = wp1 = wp2
and all sectors have the same number of firms. In this case parameters are
balanced such that all sectors have the same revenues. Yet, as in the figure
nearby, the welfare loss from mergers is very different in sector 1 and sector
0: it is almost double in sector 0! This shows that a policy maker ignoring
the network dimension but focusing only on revenues would choose poorly
the sector on which to focus on.

In the context of this paper in any exchange there is countervailing power.
It is therefore not obvious what a horizontal mergers implies for market
power, even in the simple case of no synergies, to which I limit the analysis:
the debate goes back to Stigler| (1954). As a recent example, Loertscher and
Marx| (2020) propose a model of bargaining under incomplete information for
a bilateral exchange, in which balanced power (for example, an even number
of firms on the two sides) increases the efficiency of the exchange. Therefore
in their model if there is trade between a very concentrated sector and a
very segmented sector, a horizontal merger in the less concentrated sector
can be welfare improving because makes power more balanced. This never
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happens in the Supply and Demand function equilibrium, as the following
Theorem illustrates.

Theorem 2. Assume a horizontal merger does not change the set of active
links. Then in the maximal equilibrium it increases all price impacts A;.

If there is just one consumer good, any merger decreases the quantity
consumed.

The mechanism of the theorem is analogous to the one illustrated in Fig-
ure[3] The key is that, by the disappearing of a firm, ceteris paribus, a merger
in any sector is decreasing the slope of all residual supply and demands. This
is because direct competitors face less competition, and suppliers/customers,
facing less competition, can sustain a higher markup/markdown.

The theorem is formulated via price impacts and prices, because this al-
lows a more general formulation. Example [f] shows how in regular settings,
the result can be further precised as: mergers decrease total welfare. In
particular, let us focus on the regular tree of Figure [/} and let us assume
wij = d,%, so that all inputs have the same relative weight in production.

Because this choice of technology, this setting allows particularly sharp pre-
dictions. This is because, given the symmetry of the problem, all the sectors
in the tree will produce the same quantity of output g;, no matter the mode
of competition. Hence focusing on this case it is useful can abstract from
reallocation and size effects. In the Appendix [A.3]I show that in this case
under perfect competition profits are identical for all firms.

Example 6. Tree-Total welfare
Consider a tree network such that each sector has only one customer, as
in Figure [7, and assume that for each sector all inputs are symmetric, that
is wjj = w;. In this case we can prove that not only the final price increases
after a merger, but that also that total welfare decreases. This example is
particularly convenient because the symmetric structure implies that total
welfare can be expressed as a function of the consumption of final good only:
A 1 5 1.,
W= EQO - TBCQO — 59
where € is a constant that depends on the degree of each node, the number
of firms in each sector, and the input-output coefficients. This expression
depends only on market clearing and symmetry, so it is true also under
perfect competition. In particular, since there is just one consumer good,
we know that Qg is maximal under perfect competition. But the expression
above is increasing if () is smaller than the maximum, and from this it
follows that total welfare also decreases after a merger.
The results for the S&D equilibrium are numerically calculated in Figure
It turns out that the equilibrium price impacts are increasing as one
moves toward the root of the tree, hence the Corollary above applies in its
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Figure 12: Profits for regular trees of height 2 (Left), and 4 (Right), for
different numbers of suppliers. Sector 0 is always making the larger profit
(except with 1 supplier, which is the case of the line). The number of firms
is set to 2 in each sector.

most useful form. The sector which is the most essential for connecting
the whole network is able to extract a larger surplus, and the other are
progressively less important the farther upstream one goes.

The importance for the regulator follows the same pattern. Figure
shows that the welfare loss from a merger that brings the number of firms
from 2 to 1 is larger in sector 0, and smaller the more we move upstream.
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@ Height 2 sectors ° ® Height 2 sectors

° o o
o o o
w = @

o
2
]
Welfare loss from a merger

Welfare loss from a merger

o
o
2

° L ]
d L 0.00 4 H L]

o
o
=3

Figure 13: Welfare loss from a merger that brings the number of firms from
2 to 1 in different sectors, for different number of suppliers. Left: tree of
height 2, Right: tree of height 4.

4.1 (S&D Equilibrium vs Chain of Oligopolies)

The line network, as in Example|[l}is a good setting to gain intuition because
sharper results can be obtained. In particular, we can characterize the dif-
ferences of the sequential competition models with the Supply and Demand
Function Equilibrium. Proposition [6] describes how the perceived elasticity
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of demand tends to decrease as we get closer to the first mover, and why
in that type of sequential model upstream firms tend to have larger market
power.

What is the analogous of the markup in this bilateral setting? to un-
derstand this, let us write the problem of the firm in its general form (as in

section [2.2)):

1
max p; Dj (pi) — pi—15; — 521-2 (17)
subject to:
Dj (pi, pi-1) = zi (18)
Si (pir pi-1) = zi (19)

this form is naturally redundant in the case of this simple network. Now
define u;, the marginal value of inputs as the Lagrange multiplier relative to
the second constraint, and A;, the marginal value of output, as the Lagrange
multiplier relative to the first constraint. Then we can define simultaneously
a markup and a markdown:

M; =p; —XNi m; = p; —pi—1 (20)

which are both zero under perfect competition. The next propostion char-
acterizes their behavior.

Proposition 4. In a symmetric Supply and Demand Function Equilibrium
for the line network, if n; = n; for any i, j, then markups are larger the more
upstream the sector is, while markdowns are larger the more downstream a
sector 1.

This clarifies that the behavior of elasticities in sequential models does
not disappear: but here the bilateral nature of the game makes it possible
to both effects to manifest. How do they balance?

The profit of firms in the symmetric S&D equilibrium can be rewritten
as:

1
mi = (M; +mi)gi + 5611-2

which makes the intuition transparent: remembering that ¢; is constant, the
profit in excess of the common component depends on the magnitude of the
sum of markup and markdown.

Proposition 5. In a symmetric Supply and Demand Function Equilibrium
for the line network, the sector with larger profit is the sector with the small-
est number of firms. In particular if n; = n; for any i,7, then all sectors
have the same profit.
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So, contrary to the sequential competition models, in a S&D equilibrium
in a supply chain no one is privileged with respect to others. This follows
from the fact that no sector can substitute away from others, they are all
essential to produce the consumer good. This allows to shed light on the
sequential competition shortcomings: when market power is bilateral one
needs to take into account simultaneously markup and markdown. When
doing so, the paradox disappears and the basic intuition is recovered.

Finally, in [7] I show how vertical mergers present the standard trade-off
between foreclosure and decreased double-marginalization, and depending
on which effect prevails, they can be welfare-improving or welfare-reducing.

Example 7. Vertical mergers can be welfare improving or not

For a particularly stark example, consider an economy with 2 sectors
arranged in a line, with 1 firm in sector 1 and n firms in sector 0. Suppose
after a merger between the firm in 1 and a firm in 0 the merged firm does
not sell its intermediate good to others but it keeps it all to produce the
final output. Then all other firms in 0 cannot produce anymore, and we are
left with a monopoly, as shown in Figure The monopoly price in the
after-merger setting is:

1 —1
M

=A|(B.+ —-—+—

b ( +1+1/Bc>

where BM = T fgc is the equilibrium coefficient of the supply of the only
firm.

In the pre-merger equilibrium instead the final price is:

-1

A 1
QRN (B” = >
where By and Bj are as usual the coefficients of the equilibrium supply and
demand functions, and the last equality is obtained using the best reply
equation for B;. Hence we get that the price is higher after the merger if
and only if 2B, < nBy. The expression shows the trade-off between double
marginalization, represented by the factor of 2 that appears because the
pre-merger economy is a line with 2 steps, and the extent of foreclosure,
represented by nBj, that measures how much competition is lost after the
merger:

2 X B, < nBy
~~
decreased double extent of foreclosure

marginalization

If B, > 1, since By < 1, for n = 2 the merger is welfare-improving. Since
the RHS goes to infinity for n sufficiently large it is welfare reducing.
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Merged firm

Consumers

Consumers

Figure 14: Left: pre-merger economy. The blue circle indicated the merging
firms 1 and 0-A. Right: the economy after the merger: B and C are driven
out of the market because the merged firm does not sell them the necessary
input anymore, and the merged firm becomes a monopolist.

5 Global vs Local Strategic Interactions

In this section I explore the question of how the strategic interactions along
the supply chains affect welfare. Taking strategically into account what hap-
pens in other sectors has in principle ambiguous effects. We could expect
more rational agents to be able to extract more surplus, but on the other
hand the effect of an increase in price may be larger because it affects all
the chain. Moreover, the firm can change the pattern of markups and mark-
downs charged, shifting market power towards more vulnerable connections,
and this may have non trivial distributional effects. Further, firms trade bi-
laterally, and their reaction makes in principle the problem hard. Strategic
complementarities provide a formidable tool to make welfare comparisons.

First, we need to define the equilibrium with short-sighted firms. The
idea is to modify Definition 2.1 and allow firms to neglect the portion of the
network they are not directly connected to.

Definition 5.1. A symmetric Local Supply and Demand Function equilib-
rium is a profile of supply and demand schedules (.S;, D;,[;);cr such that:

1. the prices and quantities (p(g),¢q(e)) solve the market clearing condi-
tions when the realization of the shocks is ¢;

2. for any firm 4, (S;, Dy, [;) solves:

max E pkiSki - pijDij — & E Zionkj T & E Zikj
(Ski)ks(Dij)j(Zi,kj )k, j 3 ; 2 Py
(21)
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subject to:
Dri((3" )" ) = Y zigeg (05" p}")* €0), Vi = & (22)
k
Sij((p§Utap§n)*a g) - Zwijzi,kj((p;')Ut7pén>*v 61')7 Vj—i (23)
J

Di(p' i, €) = S0, pi")" s €4), Wi — k (24)
Sii (0", P €) = Dy (™, pi")",&0), Vi — i (25)

for given actions chosen by the opponents (Sj, Dj, ;) e}y, and given prices
of other sectors (p;);¢n;-

The basic difference with Definition [2.1]is that in the firms optimization
the prices of sectors not directly connected with i are taken as given. Indeed,
in the constraints of the optimization there are only the market clearing
conditions relative to the links directly connected to . This is the analogous
in this setting of models such as Baqaee| (2018), |Grassi| (2017), Levchenko
et al.| (2016).

The next theorem explores the welfare implications of this behavioral
assumption.

Theorem 3. In a Local SED equilibrium, all price impacts are smaller than
in the maximal SED.

If there is just one consumer good, the price is smaller (the quantity
consumed is larger).

Theorem [3] is a qualitative result. In the next Example [§ example I
illustrate it quantitatively in the case of a line network. In Example[J] I do
a similar comparison for the welfare impact of horizontal mergers.

Example 8. (Welfare effect of Global Strategic Interactions) Con-
sider a line network, as in Figure [ of length N. Figure [I5] depicts total
consumer welfare in the global and local versions of the model for different
lengths of the line network. As we can see, the gap is increasing in the
complexity of the network, and sizable: for a line of length 5 the welfare
neglecting intersector strategic effects is 25% larger.

Example 9. Welfare effect of mergers — Local vs Global In this
example I show that global strategic interactions are important for the wel-
fare impact of mergers too. I continue to focus on the line network as
in the previous example. In this case welfare is simple, because it is just
W = %Z — 2]136 Q? — %QQ, where NN is the number of sectors. Hence the
welfare impact of an infinitesimal merger is:

oW (A, (1 0Q
on; <Bc - (Bc +N) Q) on;

31




0.225

0.200

0.175 A

0.150 A

0.125 A

0.100

0.075 A

Average welfare impact across sectors

0.050

N. of sectors

Figure 15: Welfare in the global and local versions of the model for different
lengths of the line network. A. and B, are fixed to 1, n = 2.

The first term represents the fact that the closer @) is to the efficient alloca-
tion, the smaller the welfare impact is.

—1
Moreover ) = A (Z] n%) , so that:
C V]

-2

0Q A 1 1 0B;
on; - B, ; nij Z ’I’LjBJQ- on;

J

To understand the mechanics, let us focus on the simplest case: n; = n
-1
for any 4. In this caseB; = B for all i, so that Q = A. (Bc + %) =

A and:

nB
cnB+NB.’

99 _,( BB\~ 1 05,
on; @ <nB —|—NBC> zj: nB2 On;

=Q =~

(nB—|—NB Z anz

and in particular, we see that to compare Welfare impacts we need to com-
pare the cumulative effect on the coefficients: » i %]if .
To do this, we differentiate the equilibrium conditions to get a fixed point

equation for derivatives. For the Global strategic interaction case:

dB;
6712‘

B 2 oB o8,
(1 m\2 . ) - )
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while for the Local case:

. 2 . . .
9B, _ \_pyp ((;) <n6B]1 , 0B +(5i7]’+l+5i7j1)3> +5ij3+<n_1)33”>

on; 2 on; on; on;

Comparing the expressions we see that there are 2 distinct effects at play:
one is a “crowding out” effect due to the number of sectors: if N is very large,
due to the (N —1)B. + nB factor in the denominator, in the global version
derivatives will tend to be smaller. The other is the strategic interaction
effect: in the global case an increase in any of the other B coefficient re-
verberates on any other. The following picture illustrates that the strategic
interaction effect can prevail in practice.
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Figure 16: Welfare impact of a merger in the line network. On the right
the average (relative) impact for different lengths NV, on the left the impact
differentiated by sectors for N = 9. A. and B, are fixed to 1, n = 2.

Neglecting the position in the network can lead to evaluating uncorrectly
the welfare impact of a merger. In the following example, I show how a
vertical merger can be evaluated as welfare improving if firms do not take
their position in the network into account, when in the full model is welfare-
reducing.

Example 10. Consider the situation illustrated in Example In that
context, we can identify a n, such that the merger is welfare-decreasing if
n > n, (because the foreclosure effect is stronger), and welfare improving if
n < ny. Such value is defined implicitly by B, = n*BglObal(n*). Similarly, in
the model with local strategic interactions, we can define a similar threshold
Ny, defined by B. = n*Bl“?(n*). By Theorem [3| Blcdl(n) > Blcal(n),
so that n., < n*. Hence, it follows that for n € (n.,n*) the merger is
welfare decreasing if two sided market power is taken into account, while
if only one-sided market power is taken into account is not. it follows that
for n € (n4,n*) the merger is welfare decreasing if two sided market power
is taken into account, while if only one-sided market power is taken into
account is not.
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6 Numerical implementation

The solution by iteration of best reply makes the model numerically tractable
for medium sized networks. The main bottleneck is the inversion of the
market clearing matrix M, which being a matrix links-by-links, tends to
be huge, especially if the network is not very sparse. An application of
the Matrix inversion lemma (or Woodbury formula, see [Horn and Johnson
(2012))) allows to invert the full matrix just once, and then at each step
update the inverse by just inverting a small matrix, of size equal to the
degree of the involved sector. The gain in this process is especially large
when the network is sparse because then the matrices to be inverted are
small. The algorithm for solving the model numerically is:

1. initialize all the matrices B; ¢ as Cjy;
2. initialize all relative errors of all nodes to some large number, e.g. 1;

3. start from some node ¢. Compute the best reply, inverting the matrix
M, and save the inverse.

4. choose the node that has the maximum relative error F;. Compute its
best reply. In doing so, update the inverse of the matrix M using the
Matrix Inversion Lemma;

5. Repeat [4] until all E; are smaller than a threshold (I use 0.01).

In Figure [I7 I show the computation time to reach the equilibrium for
Erdos-Renyi random graphs of 200 nodes, of different densities.

10

hours

T T T T
0.1 0.15 0.2 0.3
p

Figure 17: Time of model solution for ER random graphs, 200 nodes, average
degree =200p. Iteration stopped when maximum percentage error < 0.1%

34



7 Other benchmarks

In this section I compare the model with some standard benchmarks. The
purpose of the section is to show that in most models either firms do not
have market power on both inputs and outputs (that is they have asymmetric
market power), or they do not take into account their position in the supply
chain in their decisions (local strategic considerations).

7.1 Asymmetric market power

The most-clear cut effect is in a line network as depicted in Figure [4. Below
I will consider more general networks.

Assume that goods in each sector are perfect substitutes, and at each
stage of the supply chain firms compete a la Cournot, taking as given the
input price they face. In our setting this means that firms in sectors 1 and
2 play first, simultaneously, committing to supply a certain quantity. Then
firms in sector 0 do the same, taking the price of good 1 and 2 as given. The
model can then be solved by backward induction[’]

Call pg the inverse demand of the consumer, and assume for simplicity
it is concave (this can be sometimes relaxed, as shown below). Assume the
technology is linear: f(q) = Aq. Capital letters mean sector level quantities,
lower case letters are used for firm level quantities.

The markups of firms in sector 0 is equal to the elasticity of the inverse
demand, in absolute value. Throughout, I denote elasticities by #:

Ho = —Tipg

What is the markup of upstream sectors? The first order conditions of firms
in sector 0 imply that the inverse demand faced by firms in sector 1 is:

p1= (ph (AQ1) AQ1 + po (AQ1)) A

The markup of firms in sector 1 are then:

/
poAQ Po >
pr=—1p, = — | e (ny + 1)+ ——n
P <p6AQ +p0< by T 1) PhAQ +po °
/
—ppAQ Po
= 5y A1)+ g
PoAQ + po (\”,0/ ) PoAQ + po
>0
>0
Do
>0 > [0
PLAQ + po

which puts in evidence that the optimization introduces a force that tends

to increase the markup, through the pass-through, represented by the term
Po
o f+po”

'5This is a version of the simplest setting e.g. in [Salinger| (1988). A similar model, in
prices, is |Ordover et al.| (1990))
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C

Figure 18: A simple supply chain. Firms in Sectors 1 and 2 sell their output
to sector 0 firms, which in turn sell to consumers, denoted by C.

The reasoning can be similarly extended to a chain of any lenght.

More importantly, if there is no compelling physical reason for assuming
that firms in sector 1 have precedence over sector 0, an equally reasonable
option would be to assume that firms commit to input quantities (prices)
rather than their output equivalents. An analogous model can then easily
be constructed assuming firms in sector 0 decide first, then firms in sector 1.
To be more precise, we can compare two different competition structures:

Competition on outputs At ¢ = 0 firms in sectors 1 and 2 decide their
output quantity; at ¢ = 1 firms in sector 0 do the same. Firms in
sector 0 face the inverse demand function po(Qo) and all firms take
their input prices as given.

Competition on inputs At ¢t = 0 firms in sector 2 decide their input
quantity; at ¢ = 1 firms in sector 1 and 2 do the same. Firms in
sectors 1 and 2 face the inverse labor supply function w(L) and all
firms take their output prices as given.

What happens if the network is more general? Consider the case in
which 0 has 2 suppliers, as in Figure[I§ Its production function would then
be f(q1,q2). Similarly as above we can derive the inverse demand faced by
1:

p1 = (pof1 + o) fr
The markup of firms in sector 1 are then:

pof

Po
ig}f;jﬁg(npgﬂfJ,+'an)-+ paj»+_p0nponﬁ1>

M1 =Tp, = — (nfl +

/
—pof
=—np+ 77— (1
\zjil’ p6f+p0 \p,oz

+1)np1 + LTI £,1

Po
p0.f + po
Do
>—————MoNf,1 > HOTf,1
phf +po !
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which puts in evidence that the optimization introduces a force that tends
to increase the markup, through the pass-through, represented by the terms
Ny, and 176]]:73-100' The opposing force is the substitution effect, which is driven
by n¢,1, the output elasticity of good 1. If this is sufficiently close to 1 with
respect to the other terms, we have indeed p; > pp. We can sum up the
result in a proposition.

We can sum these results up in a proposition.

Proposition 6. Consider the supply chain illustrated in Figure [{.1 As-
sume the consumer has a concave and differentiable demand function, firms
have an identical, concave and differentiable constant returns to scale pro-
duction function f, and there is the same number of firms in each sector.
Moreover, assume that at each step of the backward induction the inverse
demand remains concave.

Then:

1. if the network is a line: under competition in outputs firms in sector
1 have larger markup; under competition in inputs firms in sector 2
have larger markup.

2. if the output elasticity of 0 with respect to input i is close enough to 1,
then firms in sector i charge a larger markup than firms in sector 0.

The conditions are for example satisfied if the technology and utility are
quadratic as those used in the main model.

Example 11. (Markups — Linear-quadratic)

Assume the firms use the technology introduced in Section Analo-
gously, assume that the consumer demand be Qy = A — Bpg. Then the
markups are:

e
B pono

_ 1 o
H = By pimg

where

1 2 1\\ !
B = (+w01<1+>>
no B no

is the perceived slope of demand for upstream firms. This represents the
pass-through effect: for wp; = 1 it is always smaller than Bj, but for wg;
small (corresponding to a situation where 1 is less important in production),
the effect can even be reversed. this happens if:

By < By if and only if B < ng(1 — wd;) — wi;
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Now if wg1 = wpe, that is o = %(ql + ¢2). Under this assumption, if
ng = n1 = ng, in equilibrium, Q¢ = Q1 = @9, and pg > p1 = p2. As a
consequence:

1 1
S N Qo - Q1
Bpy = Bipr  Bponog  Bipimi

B < By = = U1 > o

To make things even more concrete, consider a policy maker that is in
charge of evaluating merger proposals. She is constrained in her resources,
so she wants to know which are the most important mergers she should focus
on. This is a concrete issue: for example in USA it is compulsory to report
to the Federal Trade Commission only mergers such that the assets of the
firms involved lie above some pre-specified thresholdﬂ On which sectors
of the economy should she focus? The next example shows that the choice
of competition in inputs vs outputs can radically change things.

Example 12. (Which is the key sector? — Cobb-Douglas)

Assume the utility of the consumer is Qlé_: — L, with a € (0, 1) and
the technology available in sector 0 is Cobb-Douglas: f(q1,q2) = ¢7 52,
w1 + we < 1. This technology is a classical choice for production network
models, it is used (and generalized) among the others by Grassi (2017),
Baqaee and Farhi (2017a).

In this case the output elasticity of input 1 is wyi. The calculation above
applies, but notice that here the inverse demand pg = Q5 is not concave

but convex. The markups are:

no

= 26
e (26)

n1
/’1’1 - a+1
2

(27)
ny —

So, since a < O‘TH, if ng = no we get p1 > ug-
The (log) welfare impact of mergers is a weighted sum of the log varia-

tions in markups:

InC=—1Inpy = —ZLijlnuj
J

where L is the Leontief inverse matrix of this economy.

Y6 Thresholds that recently changed: a change that e.g. [Wollmann| (2019) argues had a
large effect on mergers. This is evidence that the costs are substantial, enough to forgo
some regulation to reduce them.

'"The utility would be well defined and concave for o € Ry, but for a > 1 the relative
demand function is inelastic, so cannot be used to model oligopoly because it would yield
an infinite price.
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Welfare loss

* Merger in sector 1
Merger in sector 0

°

Figure 19: Relative welfare loss from a merger of 2 firms in the network of
Figure [1§| under the competition in outputs with Cobb-Douglas technology.
a=1/4.

We can see it analytically for “infinitesimal” mergers, that is small vari-
ations in the number n; treated as a continuum paramete

OlnC 1 Olnp;
= —Ljj—

Onj My an

and we see that if « is small enough then mergers in sector 1 are more
welfare-damaging than mergers in sector 0. This is because the strategic
effect is larger the smaller the a. If it is small enough, it dominates the
substitution effect caused by the fact that sector 2 produces a substitute
good and its presence diminish the possibility of firms in sector 1 to enjoy
rents.

Figure [19] illustrates numerically that this is true also for non-marginal
mergers.

The competition in inputs does not yield itself to easy analytical char-
acterizations. Figure [20] shows numerically that for small « the sector im-
portance is reversed.

The next example explore a different modeling technique: a bargaining
model where the surplus is split according to a parameter §, and shows that
the choice of § crucially affects relative market power.

Example 13. (Bargaining)

In this example I present a simplified variant of the model in |[Acemoglu
and Tahbaz-Salehi| (2020)), that models the split of surplus between firms in
an input-output network using a version of Rubinstein repeated offer game.

18Farrell and Shapiro| (1990al) interpret infinitesimal mergers as changes in asset struc-
ture in an oligopoly. Another interpretation can be that of a small change of concentration,
in a context where n; is a reduced form of a measure of concentration in sector j. [Farrell
and Shapiro| (1990b)) also use infinitesimal mergers as an analysis tool
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Figure 20: Relative welfare loss from a merger of 2 firms in the network of
Figure under the competition in inputs with Cobb-Douglas technology.
a=1/4.

As a result the allocation and the relative market power depend crucially
on the parameters §;; that capture the relative probability of making the
first offer. In this example I neglect the exit dimension that they analyze,
to simplify the discussion.

There are 2 firms arranged in a line as in Figure [l Each firm produces
Q from @ inputs, and the consumer provides inelastically 1 units of labor.
Assume for simplicity that the relative bargaining power parameter is the
same for all input-output relationships, and is §. The marginal cost of firm
1 is normalized to 0. The solution of the bargaining problem implies that
the prices satisfy (by Equation (5) in the reference):

d(po—p1) = (1 =0)p1
Ac— Bcpo =1

The immediate calculation shows that the markup of 0 is larger than the
markup of 1 if and only if:

po—p1>p1 <= (1-25)po >0

that is, if and only if § < %

7.2 Local strategic interactions

Most models, mainly in the macroeconomic literature, feature models with
local strategic interactions. In short, the assumption is that firms internalize
the effect of their action on own sector-level variables but not on the other
sectors (including suppliers and customers). The purpose of this section is to
show that this assumption can greatly affect the welfare impact of oligopoly
power.
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The modeling technique relies heavily on parametrical assumptions and
to the best of my knowledge there is no clear-cut non-parametric definition,
so I present it through an example.

Example 14. (Local strategic interactions — Cobb-Douglas)

Assume that the technology available to firms is Cobb-Douglas: fi(gi1,-- -, ¢in) =
quj” , where ¢; is the amount of good 7 bought. In each sector firms are
identical and produce perfect substitutes. The local strategic interaction
assumption works in this way:

1. firm ¢ chooses the bundle of inputs that minimize costs for any given
level of output:
JiMC;

Qij = Wij
Dj

2. the suppliers of ¢ compete committing to output quantities internaliz-
ing the inverse demand:

QiMC;

762” (28)

pj = wij
where Q; M C; is taken as given.

This procedure is common in production nework models, it is used among
the others by |Grassi (2017)), Bagaee and Farhi (2017a)), Levchenko et al.
(2016)).

To clarify the difference with the sequential approach inspect equation
the perceived elasticity of demand that the suppliers of ¢ face is 1. This
imposes uniformity across the network, in a radically different way with
respect to the sequential approach. Indeed, markups are constant and are:

U

Hi = ni — 1 (29)
and we can compare with to see that they are always smaller. In the
sequential economy, taking strategic considerations into account, the original
elasticity of demand shrinks as one moves upstream, while here is artificially
fixed to 1.

The (log) welfare impact of mergers is a weighted sum of the log varia-

tions in markups:

InC=—Inpy = —ZLijlnuj
J

where L is the Leontief inverse matrix of this economy. It immediately
follows that in this economy the welfare loss due to market power is smaller
than in the sequential economy.
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Figure 21: Relative welfare losses from a merger of 2 firms in sector 1 in the
network of Figure under the sequential and the local competition with
Cobb-Douglas technology. o = 1/4.

Not only: also the welfare impact of mergers is larger. As above, we can
study it formally for infinitesimal mergers:

OlnC 1 Olnp;
= —Ljj—

8nj My 6nj

So the information on the welfare impact of mergers is all contained in the

Olnp; . . . . ..
markups. 8?7# . is increasing in the elasticity parameter, so also the welfare
J

impact of a marginal merger is larger in the sequential model.

Moreover, the ratio of the increments under the two models can be ar-
bitrarily large as « gets closer to 0, so the difference is sizable.

Figure shows that also a finite (non-marginal) merger has similar
properties.

8 Conclusion

I build a model of trade among firms as a game in supply and demand
function, which allows to study the problem of how the exogenously given
network of firm interactions contributes to determine market power. In the
case of a tree network, it is possible to connect the endogenous matrix of
price impacts to the intuitive notion of Bonacich centrality. I conjecture
that the connection is general. Though Bonacich centrality appears often
in input-output economics, in this model I show that not only the size of
a firm depends on its position, but also its ability to affect prices. The
size of a firm (measured e.g. by revenues) will depend on centrality even
under perfet competition, as is well known. Here I am introducing another
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margin: besides begin large, central firms will have more ability to affect
market prices. This is a result that can be of interest in the line of research
that explores misallocation and its welfare effects.

The results in Section [6]show that it is actually possible to use this model
in networks of a realistic dimension. A full exploration of the insights that
can be obtained from real data is an interesting area to develop further. As
I have shown through some examples, the model can in principle be used
to assess the market impact of mergers as a function of the position in the
network, which might be of interest for antitrust authorities.
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Appendix

A Proofs of section 2

A.1 Proof of Proposition

The assumption that the consumer demand is zero for very large prices
imply that the set of feasible prices is bounded.
Now define the function F : RIEXIFl  RIFIXN (indexed by links) as:

Fji(p,e) = Sji(pi,ei) — Dji(pj.e5) V(i) € £ (30)
F.i(p,e) = Sci(pi, i) — Dei(pes €c) (31)

so that the market clearing conditions [2| are equivalent to F(p,e) = 0.
Now I prove that the Jacobian is nonzero, so that the Hadamard implicit
function theorem applies.

Call ,
7= ( JDg" JD" )
! Jsout  jsin
the blocks of the Jacobian matrix, where “in” and “out” refer to the differ-
entiation variables (prices), and S and D to supply and demand. To prove
that JF is positive definite, note that row (il) is composed by:

e JSii+ JD;y in position (il) (diagonal element);
e JS) ik in position (kl);

e —JS;j in position (1j);

e —JD, in position (ki);

e JD;;; in position (ij).

Consider z € RIEIXIEl and 2/ JFz. Write as usual x; for ((@hi)kyimskes (Tif) g j—si)-
Inspection of the matrix JF reveals that:

o' JFx = Z x;njmxm + x’chwc
m

Jseut —J Sf"
—JDgut  JpD™
our assumptions. Now the expression above is nonnegative because a sum
of nonnegative terms. The term x.J.x. is zero only if x. is zero. Assume
the worst case, that all the Jacobians have rank d,, — 1. Call %@, the vector
that nullifies J,,. To prove that z’Jx is positive, we have to prove that for
any non zero x at least one of the vectors z,, or x. is non zero and ,, # Un,-
If ., = 4, for all m, then the entries of z. are different from zero and so
the expression is positive. If the entries of z. are all zero, then there is at
least 1 of the m such that x,, has a zero entry, and so :L‘{,njml‘m > 0. So we
proved that 2’ JFz > 0 if x # 0, so JF is positive definite.

where J = < ), that is again positive semidefinite under
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A.2 Proof of Proposition

M is the Jacobian J of Proposition [1| specialized in this linear setting. By
the same Proposition, it is invertible and positive definite.

If the supply and demand functions satisfie the conditions of [I then
there exists a set € such that the price map is defined.

There will be sets & and P;, such that £ C & p;(0) € P;, such that the
partial solution p* (e, p;) is linear. Hence, the residual demand is linear on
some set & x P;.

Let us calculate it explicitly. we define p_; as the vector of all prices
but the prices incident to 7. Now we reorder the entries of the matrix M to
have in the leading upper left position all the rows that represent equations
involving node ¢, and all the columns relative to prices of input and output
of i. Write M; for the matrix M subject to this reordering. The matrix M
can then be partitioned as:

= (B i)
C; —1

where M_; is M from which we cancelled all the rows and columns relative
to i, which are Mg, and M¢,, and BP is the matrix with on the diagonal the

elements nkBgzﬁ or nkB}C”“ for all k that are connected to i. Now consider

the matrix: b )
i = ( B Mc,
' Mg, M_;

The same reasoning proving positive definiteness applied to source nodes
shows that at least 2 m are such that z/, By, x,, > 0, so even setting some

By, to zero would not affect invertibility. Hence M; is still positive definite.
In solving for the objective demand we solve first for p_;:

pqut 1 pqut
M_ip_; = =M, ( in ) + A = p_i =M (—Mc, ( b ) +A_;)
p; p;
and then we use it in the expression for objective supplies and demands.
The sector level residual demand is, from the market clearing conditions:

n( Si ) _ < (P Dy ki >
‘\ Di (155)j.j—i

. < —5; > _ < — (kD) ki—sk >
‘\ D; (1555),j—i

we can observe that the right hand side corresponds to the market clearing
equations 2| for inputs and outputs of ¢ after removing the schedules of sector
1. That is, the left hand side corresponds to the first ¢ rows of M;p, that is:

Reordering:

- out
[M;p)|first i rows] = BP < 1;’2:” > + Mg.p_i =

7
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BD _ M/ M—IM szut

%

n

and by block matrix inversion can be seen that (BP — M RiM:ilMCi) =
[(M;)~1];*, and moreover is positive definite. To obtain the expression for

the residual supply and demand schedule, we have to reorder the signs of
the blocks of the coefficient matrix. Define: A; ' = P[(M;)~!]; ' P, where:

I 0
(o %)
D: __A—l piOUt +A
sp )= L) A

where A; = M’CiM:ilA_i

and we obtain:

A.3 Perfect competition benchmark

If a firm takes prices as given will optimize:

1
2
max § PkiQk,io — § PijQio,j — B Ziokj
k J

Ak, iasQic,j %ia,kj

subject to:
Gkicc = Zwijzia,kja Qic,j = Z Zio,kj
j k

The FOC yield:
Qkjia = Z wiiPki — Z WijPij (32)
J J

Gioj = wij ¥ Dri — d"'pij (33)
k:

Or, in matrix form:

!, . Tout / out out
q= < wini Ua’uita-‘}i > < pz ) > _ C < pz ) >
- ! out 1in _nin - _nin

Willoyt dz Iz b; p;

Moreover, the profit is:
2 1 2
Ti=5 Z (wijpki — pij)” = ) Zikj
k7j k?]

and we can see that if firms are all producing the same quantity, as in Section
the profits are the same for all.
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B Proofs of Section 3

B.1 Proof of Theorem [1]

B.1.1 Step a) - A profile of matrices satisfying is a S&D Equi-
librium

Rewrite best reply as a finite dimensional optimization Assume
all other firms in all other sectors are playing a profile of symmetric linear
schedules that for the prices relative to active links have coefficients (Bj);
which are positive semidefinite. Consider the best reply problem of firm «
in sector . This is:

E 2 E 1 2
max pk,"LSk?’L pz] lj gl Zia,kj - 5 a ]{;]
(Skl)kv( Lj)j?(zl k] k.j

subject to the market clearing conditions All the sums run over active
links: prices relative to inactive links do not affect the objective function
nor the constraints. I already used the fact that at the optimum it must be
Liokj = €iZiokj T 3% -

Using the residual demand, we can rewrite the optimization as:

1
max E sziski - ZPZ’DU —¢&i Z Ziki T 5 Z Zi?:kj
(Ski)k>(Dij) (i ks, L j 2

subject to:
R (0P e) = Z 2 (07, P")" s €0), Vi — k (34)
S (g™, pi")* e wazz ki (P2, Py e3), Y — i (35)
(7P e) = 5 (P, P ei), Vi — k (36)
S5 (07w €) = D (07", pi")* s €0), Vi — i (37)

Now assume ¢ is in the set & where Proposition [2| applies. Then since
A;l is invertible the last two conditions in define uniquely a function
for the prices of active links pf(e) : & — R%. Then we can rewrite the
optimization as:

max Z Dhi Z pi;Si; — € Z Zikj — % Z Zz‘z,kj

(Ski)k:(Du)]a(Zz k] k g:p
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subject to:

((p;,mtapz € Z Zi kj OUtypl ) i), Vi =k (38)
S:j(( OUtij € ZWZ]ZZ k] OUt,pl ) i), VJ —1 (39)
(40)

Now (S, D) do not appear explicitly in the problem any more. For the active
links, we can recover them using the information in the pricing function.
Indeed, for any x in the range of p}, define:

Ski(x,&;) = Dy, (z,e), Vi > k
Dij(z,ei) = Sj;(w,¢e), Vj — i

for some € € (p;)~!(x). By definition of p}, the relation above must be
satisfied for all the elements in the counterimage. For all the non-active
links, they are both identically zero.

Finally, optimizing with respect to a function of the stochastic variable
is equivalent to optimizing ex-post, for any fixed value of ¢, as in [Klemperer,
and Meyer (1989). Hence we can write the best reply problem in its final
form:

1
max P ZPMDM bi, € sz] ij pz, EZZZZJW—§ Zzikj (41)

(Zi,kj )k, jDi

subject to:
Dii((pise) = > zinj, Vi — k (42)
k
Sii((pire) = Zwijzi7kj7 V) — i (43)
J
zi 20 (44)

Optimization The problem in the set & x P; it is a simple concave
problem, and can be solved by first order conditions. Now I show that the
best reply, defined on &; x P;, is linear and has as coefficient matrix exactly
the B as defined in

Call A\i; and p;; the multipliers for input and output constraints respec-
tively, and .J; = (n; — 1)B; + A; ! the firm level (inverse) price impact. J is
the derivative of the supply and demand schedule, and by Proposition [2] it
is positive definite.

The Hessian of the problem is a block diagonal matrix with blocks —(J;+
J!) and minus the identity (with respect to the zs), so the problem is concave.

o1



The FOCs are:

oDy, 85’0
Phi : O Za — pij) +Dj =0
oDy, 0S?.
Din ap; Z ap; ” pm pij) —S; =0
Zikj t TE T Zikj T+ wij/\ki —pij+t=0

where t > 0 is the multiplier relative to the constraint z > 0.
The first set of equations in matrix form reads:

out r
p -\ D! )
Ji( —( ) =0

Since this must be true for any prices, and for any price the market clearing
conditions must be satisfied, we can rewrite these as:

()= (5)

Now we can use the constraints to get rid first of the z. To do so, sum
the derivatives with respect to z to obtain:

Obj 2
Dy E WijZikj = E Wi Aki — E WijHij — § wij€i + E Wijti kj
J J J J

obj t t
ST =z =wig i — AP iy — e+ tigg
K K K

Now notice that these equations have a linear dependence, because ) ;. >  WijZi ke =

> jWij Dy Zikj- This is not a problem, because >, D Obj = > wijSi; %7 s in-
deed a contraint of the problem, but it means that we need to ehmmate one
equation to solve for the multipliers. Without loss of generality, I eliminate
A1. If a is a matrix (vector), a_; will denote the elimination of row and
column (element) 1. Call t;; = >\ tikj, thi = Zj tikj. So we can write the
System as:

obj / /
Di,—l _ ( waI—l out u—l,outh‘ ) ( )\7;,_1 >+
bj - out T. )
SZ’O 7 — Awi Wik —1 Jout dl Iip — g
/ t
< Lik,—1 ) . < (W) um)ufu_l )
.. ? out m
tzg dz (I

Notice that the matrix of the system is C; 1, the (1,1)— minor of the perfect
competition matrix.
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Solving we get:

Ai—1 -1 Dz'Ob—jl Lik,—1 (wiuf™)ug™y
. = Ci,—l obj - ti . + & Jout in
i Sz — \wj ij . Uy

and for the full vector of multipliers:

Ail . o Ob‘ 0 0 1

)\z’,—l = < 0 C<_1 > DZ_]; — tik,—l +&; (w;uzn)u;)jfl + A1i; 0

— 1 2,—1 S;)b] tij d;)utuén —w;

Now using the constraint (u),,, —w}) < g’ ) = 0 we can rewrite:

7
out Y
(ui)uw _wg)Ji < f;zn ) - (u/outv _w;)Ji ( _;Li )
7
and substituting the multipliers we get:
0 0 1
B out _ 1 0 bi .
U J; ( fl in > = U;J; ( 0 C! > DYy | —tir e | (wiu™udty |+ Ay 0
p; i,—1 SZ-Obj dfutuzn —w;
1
1 0
T < - ) 0 =
o 0 sz_ll —W;
(2
0 0
B 1 0 . . out
R < 0o C! > DIy | —tio e | (@dhugty | - ( fZpi" )
1,—1 S;-)b] d?utuén %

Now the inverse of C; _1 can be calculated through block inversion and
Sherman-Morrison formula, and is:

1 out / 1 /

o1 - wiw; (Ifl,i + u*LOUtu—l,out) T U—1,0utW;
,—1 7 1 ’ 1 dout _q ,
T wlw; Wil _1 out ot Lin + ;;wz wiw;

from which we get:

1

(oocon )| o )=(")

0 CZ»7_1 ;s —w;
and

0

1 0 ; 0

< 0 Cfll ) (w;u;i)uzojﬁf = < uin >
v,— dZO'U, u;m, (]



™

So that the coefficient of Ay; is k; = @ J;u; > 0. Substituting this into
the expression for the multiplier:

O I B | N I e e
1 1,—1 Siobj d;}utugn
1 0 0
1 ~ 1 0 bi . out
o Jan| (o 2| o | e | e )| - (7))
—w; i,—1 S?bj dgutuén p;
7
so the expression above becomes:
Ail 0
1. . 1 0 b 0
Ai—1 | = (Ii - kuzu;Jz> < 0o ! ) D7 | =t +5i< in )
i i i,—1 gobi Uy
(2
1 s pqut
So we can finally substitute and get the demand function (after using
market clearing to turn objective into supply and demand). So:
Si g )
D; -
0
1. ~ 1 0 obj 0 1 _ = ;mt
Ji I; — s Uit J; 0 C,’T_ll DSZ-(;bjl —tj1 | +& u;n + EuzuZJl _p;:n
i
Now to re-express everything in terms of supply and demand functions note
that:
27‘ 1 ul—l,out —w; D?bj
D%y | =(0 Iiouw O Gobj
§2% 0 0 I i
call:
/ —
é, _ 1 0 (1] Q;fl,out (;‘)z _ 1 7127_1
‘ 0 C 1 0 ‘B"“t h 0 C 1,
in ’

19This can be seen by the explicit calculation of:
(:; _ 1 0 Uout
T\ 0 Ci —Ww;
—w;
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and eventually we get:

Si\ _ (1. L il ) G o1 s, N (0 A

here t; = 0
where t; = Cij,lltz‘,—1 .

To obtain the expression in the text of the Theorem, notice that (J,- — %JZ&Z&;JJ

is not invertible because not all equations are independent. Let us solve for
the last d + d°** — 1 equations:

Si—1 > 1 il 5\ —1
’ :(I—FJfR (I— uJ CZ) X
< DZ 1 kjl Cl

1_. pf"t 0
J_R, <I— kuu'J) << pz ) +t — & < uin >>

Now J — +.JaiJ is positive semidefinite. To see this, note that @/(J —
$Jud' J)x > 0 if and only if (@ Ja)(z'Jx) > (@'Jx)(x'Ja), which fol-
lows from Cauchy Schwartz inequality@ Moreover canceling the first row
and column yields a positive definite matrix, because in that case 1 —
u,u 1J-1a" 1 > 0. Inverting we get:

s ! -
i,—1 o ~~/ -1
( Y ) <<J kZJ J)_ +CZ-7_1) x
-1 1 pout 0
~~/ = / 1. PR .
((J 6J J> » J,Rl <I kuu J)C ,Il) (( —p;” > +tz &g ( u;n >)
1
1 -1 -1 1
— = ~~/ '71 - ~~l . I_7~~/ out
((J kJ J)_ —I—C'L_l) (J CJ J>_1J Ry < kuu J>Clpz71—l—
-1 -1 out
- ~~l —1 pz _ Ofl
(G )) (%) rma ()

Now the null space of J— ~,J~ Juu'J is parallel to 4, since (J—ﬂ,—bqlJ&ﬂ’J)u =
Ju — Ju = 0. Hence we have that

~~ ~~ ~~) ~
""ﬁ(I—k "’) 1:_;‘]‘31<I‘ 'J)C,: ("‘za’ J)

J

uJ

20Which holds even if matrices are not symmetric. To see this:

/ / ’ !/ 2 /
(x _r Juu) J (x _r Juu) =a'Jz+ (x Ju) u' Ju — r Ju(x'Jquu’Jx)

u' Ju u' Ju u' Ju u' Ju

/
zJu ,
u Ju
u Au
which is nonnegative if J is positive semidefinite.

/
=z Jxr—
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hence we get the final expression for supplies and demands:

1
S@_l o : 1 ~ 1T - -1 out ~ p;'nfl . . 0
( D; ) = ((JZ kiJ,ulul-JZ> » +C¢,—1 p7u_q + 7p§n +t; —&; uﬁ”

Finally, note that in equilibrium
~ 1
Biu; = (I; + (J; — T

hence J; — k%Jiﬂiﬂ'-Ji =(n—1)B;+ A\

1

1

Jiﬂiﬂgji)éi)fl (Jl S Jiﬂz‘ﬂ;Ji> u; =0

B.1.2 Step b) - A profile of matrices satisfying exists

Now I have to show that a non-trivial profile of matrices satisfying[16| exists,
exhibiting sequences that converge to it.

Increasing best reply Assume B and B’ are two profiles of schedules
such that B, > B; in the Loewner (positive semidefinite) order for any 4.
The best reply is a function of B; and A; through a double inversion, so is
increasing in both. Hence, to prove that the best reply is increasing in the
positive semidefinite ordering we have to prove that A; is increasing in the
profile B.

In the notation of Proposition B; is increasing in the Loewner order.

Indeed:
- [ CSet Csin BSet BS\ o
Bi= ( cpet cpir )7\ oyt ppi ) =P

if and only if

(Sopmm S )

which is true if and only if

CSpt = BSy  —(CS" = BS") ) _
—(CD¢* — BD¢™)  CDI™ — BD!"

Since B; is increasing, also the market clearing matrix M is increasing,
because reAmember from [2 that o’ Mz =" 2! BpnTm.

Now M ™! is decreasing. Canceling rows and columns does not change
the Loewner ordering, and so A; ' = (M~1);! is increasing.

Finally, I prove that A; = A; ' — %A;laiﬂgl\;l is increasing in A; . To
see this, assume J > K. This is equivalent to ||[KJ ||z < IEI Then:

1 : Lo\

21Cfr. e.g. [Horn and Johnson| (2012)

2
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1 . 1 -t

1 -1
< I— K ! K —1 I— /
< H( TRKu uu)”2\|2 J Hz!z( w J) 2

Now I — u,}mK uu’ has one zero eigenvalue and all the others are
so ||(I = -4 Kw')|l2 = 1 and similarly ||(I — —2-uw/J)|2 = 1. Finally,
| KKJ Y2 < 1 by assumption, so it follows that

1 : Lo\

so that J — ﬁJuu’J > K — u,}mKuu/K as I wanted to show. O

w'Ju

<1
2

Convergence We are going to need the following lemma.

Lemma 1. If a sequence of symmetric matrices B, is monotone in the
positive semidefinite ordering, and bounded in the 2-norm, then it converges.

Proof. Consider the case that the sequence is decreasing, that is B,, — Bp+1
positive semidefinite. The increasing case is analogous. Assume by contra-
position that it does not converge. Then since it is bounded, by compactness
there exists a converging subsequence B,,, . Then in particular this sequence
is also Cauchy, so:

VedKo : k1, k2 > Ko = || Bn,, — B, ll2 <¢

But then for any n,m > ng, by the fact that the sequence is decreasing we
can find k1, ko such that Bnk1 > B, > By, > Bnk2. Now we can write:

Buy, — Buy, = Buy, — Bu + Bn — By + B — By,

TLkl

and we know that Bnk1 — B, + B, — BnkQ is positive definite, hence the
maximum eigenvalue of the right hand side must be larger than the max-
imum eigenvalue of B, — By,. But the maximum eigenvalue is the norm,
s0 |[Bn — Bpll2 < || Bn,, — Bn,,|l2 which proves that the whole sequence is
Cauchy and so converges.

O

Define:
BRint1 = ([C; =1+ ((ni = )BRj + [Ai]—1) )7

7

I will prove that the sequnce (BR;y;), with the proper initial conditions
constitute a decreasing sequence in the positive semidefinite ordering. From
this, the fact that it is bounded as proven in the existence theorem, and the
previous lemma, it follows that they converge.

22Summing by the identity matrix results in all eigenvalues being shifted by 1, and

ﬁKuu’ has rank 1 with eigenvalue 1, realized by eigenvector Ku.
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From above Set BR;o= C;_1. I prove that BR; o — BR; 1 = C’i,,l(Ki +
2C;-1)71C; —1 and so is positive definite.

Ci—BR;1 = Ci,fl*((Ci,71+Ki)_1+CiT_11)_1 =C;1—(C;-1—Ci _1(Ci 1+ NA4C; 1) 7105 1)

=C;1(2C; 1 +AN)7'Ci

where the last but one step is by Woodbury formula. The matrix on the
right hand side is positive definite because (2C; + A;) ! is.

But then, since the best reply map is increasing when all matrices are
symmetric, it follows that B;, > B;,4+1 for each n, so the sequence is
decreasing, which is what we wanted to show.

From below Now I prove that if B; has norm small enough, then BR; >
B;. From this, and the fact that the best reply is increasing will follow
convergence from below. Indeed:

BR; > Bz = HBzBRZ_IHQ <1

and
IBBE 2 = 1B (G 4+ (Rit (i = 1)B) ™) 2 =

1,—

6

1B:C; L+ (A B - (ni=1)1) 2 < 1 Bill2ll(C7 2 o+ (Ai By (= 1) 1) 2

_ —
Moreover:

- 1 1 1
N B = e = B T+ (= D) AKaB; )+ (DT 1

where \,, is the minimum eigenvalue of (A; B;™* + (n; — 1)I) and it is positive
because it is positive definite.
Now if || B;||2 is smaller than ”’n—:lHCl_ngl it follows:

|B:BR; |2 < 1

which is what we wanted to show.

There exist a profile of coefficients implying positive trade The
previous paragraph prove that a profile of matrix coefficients satisfying [16]
esits. Now I prove that there exist one that yields positive trade if we limit
ourselves to a subset of links - that will be the active links in equilibrium.
Start from the original network G = (N, E). Set n =0 and L; = E.

1. Find the unconstrained equilibrium profile B} in the network G; =
(N, Ly,). Identify the set of links that have negative trade or negative
price Ey o.
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2. set Lpt1 = Ly /Eno;

The set of links shrink at each step, and when the network is empty
there are no negative trades. Hence there must exist an index 7 such that
for all ¢ > % L; = L;. The equilibrium B}, augmented with identically zero
functions for all excluded links, is an equilibrium of the original game.

Generic Equilibrium existence It remains to prove that the profile of
matrices (B]); identified above constitute the coefficient matrices of a profile
of linear schedules for an open set P x £ that contains (p*(0),0). To prove
this, consider the linear functions defined by (B}); and extend them to the
whole price space. That is consider:

(S_1,D)i = Bi(—p1ii_1 +pi—1 +t;) +€iBei1

where t; solves the Linear Complementarity problem:

Bi(=p1ii14pi,1+ti)+€iBei 1 >0t _(Bi(—pri1+pi1+ti)+eiBei) =0 t; >0

This corresponds to the form of the solution of the Optimization where
t; is a function of the Lagrange multipliers on the nonnegativity constraints.
Concavity proves that the solution is unique and so non-ambiguous.

Using this form we see that the market clearing conditions can be written
as a Linear Complementarity Problem:

Bij(pi +t:) +€iBei = Bij(pj +tj) + €iB:;
Bi(pi + ti) + €iB: > 0

t}(Bi(pi + i) + €iB=) = 0

t; >0

N N N N
[N
~N O

S~— N N N
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The first set of equations can be rewritten as M(p +t) = A + M.
and solved for p + t since M is invertible. So to compute which ¢ variables
are not zero it is sufficient to use the complementary slackness condition.
Moreover, it is a standard result (Cottle et al. (2009), Proposition 1.4.6)
that the solution as a function of ¢ is piecewise linear.

Now the fact that we can express the residual demand as a linear function
for all 7 relies on the fact that (0,p*(0)) lies in one of the regions where the
function is linear and not on one of the boundary regions. Now the boundary
regions are identified by a set of equations Fj((B;);,e) = 0 for some indices
Jj, where the F' are analytic functions (see |Cottle et al.| (2009), Prop. 1.4.6.).
This means that the set of profiles of coefficients such that 0 is in one of the
boundary regions:

Br ={(Bi)i | Fj((Bi)i,0) = 0}
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is rare. This follows from the fact that if there were an open set in Bp
then since F' is analytic it would have be identically zero, which it is not.
Moreover Bp is closed, hence equal to its closure: hence its closure has
empty interior, so it is rare.

Now consider the map O : (w;); — (B}) that maps the values of the
parameters to the B that solve I prove that this is one-to-one. To see
this, suppose O((w;);) = O((w});). Then by the construction of [2] we get
that A;((w;)i) = Ai((w})i), and by the equation 16| we get that the perfect
competition matrices must agree too: (C;); = (C?);. From this, inspecting
the matrix, it follows that (w;); = (w});. Moreover it is continuous (actually
analytic).

Since O si a homeomorphism the preimage of a rare set is rare, and so
we conclude that the property of existence of a linear eqilibrium is generic
n (wz)z

B.2 Proof of Corollary

The fixed point equation [16| can be rewritten as:
(ni — )B;C; By + (MO + (ni —2)[)B; — A, =0 (49)

and premultiplying by C; .

(ni — 1)(C;'B)? + (C7 YAy + (n; — 2)I)(C;'B;) — C7 YA, = 0

]

Call X = C;'B;, b= 25 (C;"A; + (n; — 2)I) and ¢ = — 250, 'A;. We
can rewrite this as:

b? —de = 4X% + 4bX + 4b?

Now note that any solution of A9 commutes with b, because taking the
transpose of the equation we get that X must solve also X2 + Xb+c¢ =0,
and so —(X? +¢) = bX = Xb. Then the right hand side above is a square,
and we have the analogous of the classical quadratic formula:

X:%(—b+m>

and so:

B; = %Ci (—b+ \/M)

Now b? — 4c is the sum of two symmetric positive definite matrices, so is
symmetric positive definite, and hence has a unique positive definite square
root (Horn and Johnson| (2012), Theorem 7.2.6). Hence the equation [49| has
a unique positive definite solution, so the sector-level symmetric equilibrium
is unique. [
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B.3 Proof of Corollary

I omit the index 7 because all matrices are relative to sector 3.
The quadratic labor cost of the profit is 3, ;(wijAri — pij)%. This can

be written in matrix form as ( N, o= ) U'v ( —AM > where U = [T,y ®

Wi, Uout ® Izn]

Moreover < A > = V< Pout > and:
—K —Din

P <B — ;V/C'V)

1 0 1 @
V’OV:B(~ — )C( —_1>B
U_1q Cll 0 Cll

1
=7 <B — 2V/U/UV>

and:

since Cu = 0 and @/'C = 0. Moreover:

s 1 0 \pf 1 a4 B @ \B1CZ{B iy @B C_{B,
iy C71 0 C; ~\ BLiCT{B_ji B_1C5{B-,

Now B — V'CV has @ in the null space, and is positive semidefinite if and
only if B_; — %B_l(?:llB_l is. This is true because:

|B.1C={B_1B7{|l2 = |Bo1CT{[l2 < 1

because we know that B_; < C_;.

B.4 Proof of Proposition

I am going to prove that, in any equilibrium, B has the following form: it
is equal to PBP, where B is an M-matrix (a positive definite matrix with
positive diagonal and nonpositive off-diagonal entries), and:

(o )

is a matrix that changes signs to the off-diagonal blocks of B.

From the definition of M in [2|it is immediate to see that, if B has the
property above, then M is an M-matrix.

First, I prove that if a profile of coefficients (B;);c; that has the property
above then the best reply profile has still the property above.

By [2l we know that A~! = PLP, where L is an M-matrix@ Moreover,
in equilibrium, since B = 0, we have A4 = —A; > 0. This is equivalent
to LPu = Lu > 0, once we define u = Pu. Then, we have that the matrix:

1
L — m LUU,L

23This follows because the proof in [2] shows that L is the Schur complement of an
M-matrix, which is itself an M-matrix (see |[Horn et al.| (1994)).
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is positive semidefinite and still an M-matrix. Then it follows that also At
has the form A = PLP for an M-matrix L, because:

Kﬁle—l A~ 1 /A 1

'A lu

=P(L — — LuLuu’L)P = PLP

u

(to get the expression, note that P? = I.)

Now, also the perfect competition matrix C' has the same property: C' =
PCP. Then, calling J = A~'+(n—1)B, we can write the best reply equation
as:

BR =

(I+(A " +(n—1)B)L0) YA "+ (n-1)B) = PU+(T+(n—-1)B)"¢) " (T+(n—1)B)P

so that the best reply preserves the property.

To prove that any equilibrium profile has this property, proceed similarly
to the proof of Theorem l step d). That is define By as C, and consider
the iteration:

B = (Co1+ (& )1+ Bao) ™)™

Notice that differently from Theorem |1| here A, s kept fixed. By an anal-
ogous argument this sequence is increasing and converges to the solution of
the best reply equation, which is unique by Corollary Moreover, each
matrix of the sequence has the desired form, hence also the limit has. This
is true because weak inequalities are preserved in the limit, and we already
know that the limit is positive definite so it must have strictly positive di-
agonal. Hence it follows that any solution of the best reply equation must
have the desired property.
O

C Proofs of Section

C.1 Proof of Proposition [6]

I prove the result for a supply chain (line network) of length K. Denote the
production function as f and the inverse demand at stage ¢ of the chain as
P;(-). Assume both are differentiable and concave, f' > 0 and P/ < 0. For
every step of the chain but the first we have that firms optimize:

Pi(Q:)gia — Pi1f (gia)
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where Q; = ) Gin- By concavity they do so through the first order condi-

tion
Pi—1

P{(Qi)qw + Pz(Qz) - W =0
so in the symmetric equilibrium:
Qi Pi—
F(Qi) =+ Pi(Qi) o =0

-1 ( Qi
F (%)
and the markup is determined by the usual elasticity condition:

pi— MG PlQ)%
pi Pi(Qi)
The equation allows to write directly the inverse demand that sector ¢ —1
is facing (using the market clearing Q; = n; f (%))

rea@en = [ (s (%)) 1 (%) o (o (52 (52)

To compare the elasticities, first calculate the derivative of this:

ey = [or (o (52)) 7 (52) 1 (52)
Q) ()l (S0 (50)
(s (52)) 0 (52 (o (5 2 (52)

By concavity, the first and last terms are negative, so we conclude:

P (Q:) < Pl(f)? <1 + 1)

n;
)
/ N2 1
Pl 1Qi 1 - Pi(f") (1 T E) Qi1
P 1 n;y (P +Pf)f mnia
¥ 1
_ Bif (1+n7> n; Qi1
P+ P/ f mni1 n

24The second derivative of the profit function is:

pi—1f"(f " (gia)) Pi-1

FHQ@e T 2RI 5 () (P @)

By concavity of P; and f this is negative.
25 Differentiating this expression we immediately get that it is decreasing in Q.
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moreover, we have that:

Pi/f/ <1+n%_) ni Qi1 - EZ/%
Pi + Pllf nN;—1 Ny Pi n;

if and only if:

- 1 . . 0,
Pipi/f/Qszll <1+> n; <P, i/%+(13i/)2@621 1

7 ng /) ni—1 Uz ng n;
- 1 . .
PP (f'Q,;l <1 + n.) n’.“l - ff) < (Pf)?
1 (] 11— (2

Now if n; and n;_1 are sufficiently close the parenthesis is positive by concav-
ity of f (which implies f’ Q;l—;l > %), hence the inequality is always satisfied.
In particular this is true if n; = n;_1. We can conclude that in equilibrium
if n; and n;_1 are sufficiently close:

PlQ;  P1Qi

=<

Pin;  Piyni

and so firms in sector ¢ — 1 have larger markup than firms in sector .

For the case of markdowns, the exact analogous calculations hold, on
supply rather than demand functions.
C.2 Proof of Propositions 4] and

The proofs follow from the following lemmas.

Lemma 2. The profile B = ((%)izg, D) is a symmetric function of the
“sector level” coefficients (n;B;). That is B((n;B;)i) = B(nx(;)Br(i))i where
7 is any permutation of indices.

Proof. By induction, I prove that B is equal to:

prsr [Tk e BreBe (50)
Di+ 57 IlepimuBr + Be 2y i nrs e Br
ni BB
D, [T5e1 24 Bi: Be (51)

Tk 6 Br + Be 301 [ipn por 70 Br

By induction on the size of the line N. If N = 2 it can be checked by
calculation. Assume it holds for a line of size N —1. To get the corresponding
expressions for a line of size N we must substitute B, with the objective

demand of the last but one layer, which is %. If we do it we get that
fori < N —1:
By Be
D;S; ki 4By S505 52

. ST By Be
DitSi Tl e Br + 725055 22 ot prs 76 B
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and reordering and simplifying the denominator we get the expression above.
Analogously can be done for D;. Moreover, always by induction we can find:

~ Tlgen 7B

Sy =
[Tkzn kB

and Dy = B, so substituting in the corresponding expression:

Hk;éN nk B
Dy Sy R O -
Dy +Syv  p 4 HiznmeBe
¢ Hk;éN nk B

and simplifying we get the desired result.

Lemma 3. In equilibrium n; > n; implies B} > B}‘.

Proof. To apply the theory of monotone comparative statics, I will prove
that if n; > n; then BR;(x, B_;j) > BRj(x, B_; ), that is the best reply
of i dominates the best reply of j conditional on the coefficients of all other
sectors.

We have that BR; > BR; if and only if:

"=z >N 4 (n— Da

A; ;

(2
In particular, using the characterization of A; ! above, we have that this is

true if and only if:

BB.njx
B(njx +bc) + njaF

BB:n;x
iz >
Jo 2 B(nix + be) + nizF

+ (ni — + (n; — 1)z

where B and F are only functions of the coefficients B_; ; and their respec-

tive number of firms. This is true if and only if

BBcni _
B(n;z + bc) + njaF

BBcnj
B(njx + bc) + njxF

(nj—1) > (ni 1)

BBcnj — (n; — 1)(B(njz + Bc) + njxF) - BB.n; — (n; — 1)(B(njz 4+ Bc) + njxF)

B(n;x + Bc) + njazF - B(n;x + Be) + njxF
BB — (n; — 1)(B(n;z) + njxF) < BB — (n; — 1)(B(n;z) + njxF)
B(njz + bc) + njxF - B(niz + Be) + nizF

which is true if and only if n; > n; because the function is decreasing.
Then we can conclude that if n; > n; then BR;(x, B_; ;) > BRj(x, B_; j),
and so, using a result from Lazzati (2013) we can conclude that in equilib-
rium B} > Bj.
O
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Proof of Proposition Calculations reveal that:

ST
M;=pi—XNi = . i — Di—
b (DI + ST)(1+ B;) + S/ D7 (pi = pi-a)
57
D7+ 57

= DrST (pl _pi—l)
(1+ Bi) + prrer
D]

mi = [ — Pi—1 = = (Pi — Di—1)

DTS
(1+ Bi) + prvér

Now by the previous lemma B; = B; for all sectors and so market clearing
conditions imply that p;—p;_1 is constant across sectors. Moreover by lemma

also DD;ZT gt: Now inspecting the right hand side of the expressions we see
that the markup is decreasing with D], which is itself decreasing as one goes
upstream. Then it follows that the markup is increasing going upstream,

and symmetrically for the markdown.

Proof of Proposition We can rewrite the profits as:
1—1pB.
27235 2

T =
2
n; B;

where ¢ is the quantity consumed by the consumer. Now by lemma [3| we
can conclude.

D Proofs of Section [

D.1 Proof of Theorem 2|

I am going to prove that the best reply function is increasing in the param-
eters n;. By monotone comparative statics this implies that in the maximal
equilibrium coefficients B are larger, which means that price impacts are
smaller.

First, note that M is increasing in any n;. Indeed, if n’ > n:

Then by the calculations in the proof of [1| it means that the best reply
function is increasing in n, which is what we wanted to show.

Now assume that the consumer only buys one “final” good. The vector
¢ has a nonzero entry only in correspondence of the consumer price. This
means that A.p. = ¢/p = ¢ M~tc. Since M is increasing in each B; is also
decreasing in each A;, so it follows that the consumer price is increasing in
A O
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E Proofs of Section [5

E.1 Proof of Theorem [3

The best reply matrix for each firm in sector 7 is:
- -1
(16711 + (s = B + BP) ™) (52)

where B; is the diagonal matrix that on the diagonal has the coefficient By, i
for all the neighbors k of 3.

Let us define two functions, corresponding to the best reply in the global
and local game:

BRy(B_i,9) = ([0;1],1 +((ni — 1)B; + K{l)—l)_l (53)
BR(Bi1) = (1071 + (i~ DB+ BP)Y) T (54)
(55)

The equilibrium profiles of matrix coefficients in the local or global equi-
librium satisfie:

BY = BRy(B“,, ) (56)
B! = BRy(B',,]) (57)

The result follows by applying the theory of monotone comparative stat-
ics. In particular, fixing the profile of matrices B_; by immediate application
of the definition, we have that:

A, ' < BP in the psd ordering
and so: 3 )
BR;(B?,,9) < BR;(B",,1)

Then, we can apply the theory of monotone comparative statics, considering
g or | the parameter, and considering an ordering on the parameter space
such that [ > g. Then the best reply equation is increasing in this parameter.
By standard arguments now we can conclude that in the maximal equi-
librium BZZ > Bf , and from this it follows that M! > M!, and so the final
price
pe=A(M)TA< A (M)A = pf
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