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Abstract

How do departures of individual beliefs from Bayesian rationality impact welfare
and informational efficiency in financial markets? We allow agents posterior beliefs to
depart from the rational expectations hypothesis and to over/under-react to news (i.e.
to changes in fundamentals and /or prices). We find that both in a financial market with
sequential trading and unit demand and supply, as well as in a financial market with
simultaneous trading, with volume and unbounded signals, over-reaction has a positive
informational externality, while under-reaction exacerbates any informational friction.
Over-reaction mitigates individual losses due non-Bayesian beliefs. Because agents
over-react to news, prices aggregate more efficiently private information, relative to the
rational case. As a consequence, over-reaction decreases the likelihood of informational

cascades, increases the informational content of prices, and it increases welfare.
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1 Introduction

Traders in financial markets constantly update their beliefs about valuations of financial as-
sets, as a consequence of changes in market prices, fundamentals and /or investment choices of
other traders. Bayesian rationality prescribes a certain law of motion for the dynamics of such
beliefs, which, however, has been found at odds with reality (Benjamin (2019))). Individual
departures from Bayesian rationality in the forms of under/over-reaction to information have
been documented empirically (Bordalo et al.| (2018)). Moreover, such departures explains
several facts about macro-financial variables, such as credit cycles (Bordalo et al| (2018))),
stock returns (Bouchaud et al.[(2019), Bordalo et al.| (2018)), interest rates (d’Arienzo| (2020)))
and even the likelihood of a financial crisis (Maxted (2019)). How do departures of individ-
ual beliefs from Bayesian rationality impact welfare and informational efficiency in financial
markets?

To answer this question, we follow the diagnostic expectations model (Bordalo et al.| (2016)
and Bordalo et al.| (2018)), and we define over/under-reaction in beliefs as a one-parameter
deviation from Bayesian updating. The model is parsimonious, tractable and beliefs are
forward looking. Biased beliefs depart from Bayesian rationality by under/over-reacting
to recent information. Our model applies the same logic of the diagnostic expectations
model of (Bordalo et al.|(2018)) to a learning settingﬂ Diagnostic learning converges to true
fundamentals, as in the Bayesian case, but beliefs over /under-react to recent data.

Then, we embed diagnostic learning into two classic workhorse models of trade under
asymmetric information: the sequential trading model (Glosten and Milgrom| (1985)), and
the simultaneous linear quadratic Gaussian trading model (used e.g. in|Grossman and Stiglitz
(1980))).

In the former setting, agents enter sequentially the market, observe past trades of other
agents, receive a binary informative signal about fundamentals, take a buy or sell action (for
the single unit of the traded asset) and finally exit the market. A competitive market-maker
efficiently sets prices as expected values of fundamentals given public information. Under

asymmetric information between the market maker and the traders, such a model features

LA different application of diagnostic learning in financial markets is investigated by (Santosh| (2020)).



an informational inefficiency. When traders are ex-ante much more informed about asset
valuations relative to the market maker, then all agents agents buy, regardless of receiving
a good or bad private signal about the fundamentals. As a consequence, the market maker
cannot discriminate private information from trades, and private information is not efficiently
incorporated into prices. We show that over-reaction mitigates the phenomenon. When
agents over-react, those who received are overly pessimistic, their valuation is below the
valuation of the market maker, hence they sell. Then, the market maker infers their private
bad signal from this trade, and next period’s market price efficiently adjusts accordingly.
In the long run, the price get closer to the fundamental, relative to a market populated by
Bayesian agents.

We also allow also the market maker to depart from rationality and to under/over-react.
In this case, the market informational efficiency depends on the relative mis-reaction between
traders and the market maker, and it is time dependent.

The limit case where the market maker has the maximum level of under-reaction possible
is interesting in itself, because in this setting prices are fixed over time, and so, from the
perspective of future agents, buy and sell orders have a purely informational content. Hence,
we recover a pure social learning setting, analogous to (Bikhchandani et al. (1992)) and
(Banerjee| (1992))). We show in this case there is a finite level of over-reaction that maximizes
the probability that the society learns the fundamental, that in this setting can roughly be
translated as “there is a cascade on buy if the asset is good, a cascade on sell if the asset is
bad”.

Crucially, the informational role of over-reaction does not rely on the presence of cascades.
Indeed, we show that the same force applies in a simultaneous trading model, with mean-
variance preferences (Glosten and Milgrom| (1985)). In such a model, in equilibrium, the
price can be seen as a signal of the fundamental and the precision of such signal is increasing
in the degree of over-reaction, as first shown in (Bordalo et al.| (2020)). We show that with
over-reaction, agents trade more aggressively for the same signal, hence they increase the
informativeness of the price, which, in turn, makes agents better off. At the same time,
larger trades penalizes individual utilities of traders, due the risk aversion. We find the

first effect markedly dominates. Social welfare is increasing in the level of over-reaction,



whose socially optimal value is therefore arbitrarily large: in this scenario, beliefs of traders
concentrate of their observed private and price signals. Agents aggressively trade based on

those signals, which, in turn, generates high price informativeness.

Literature Review

This work contributes to two streams of literature: the literature on herding and cascades in
financial markets, and the literature on under/over-reaction of beliefs in financial markets.

The literature on herding and informational cascades (Banerjee (1992) and Bikhchandani
et al| (1992))) in financial markets study studies weather market prices can ameliorate such
informational frictions. (Avery and Zemsky|(1998)) shows that in a binary state space herding
and informational cascades occur where there sufficiently many sources of uncertainty; (Park
and Sabourian| (2011)) shows that cascades can happen if the state space is more complex.
We depart from these papers in two dimensions: first, we explore the consequences of non-
Bayesian agents that display under/over-reaction. Second, in a model with no cascades, to
generate cascades, we take a simpler road than the aforementioned papers: we depart from
the common prior assumption by assuming sufficiently high ex-ante asymmetric information.

The literature on diagnostic expectations explains various macro-financial regularities:
Bordalo et al.| (2018), [Bordalo et al. (2018]), Bordalo et al.| (2019), [Bordalo et al.| (2020)).
While these papers matches empirical regularities, we investigate the welfare properties of
the same departure from Bayesian rationality. Walther (2020)) explores macro-prudential
policy implications with extrapolative beliefs.

Our work is also connected to the literature on non Bayesian learning: examples that
study social learning problems are Bohren and Hauser| (2021)),|[Molavi et al. (2018), |Frick et al.
(2020). All these papers focus on long run convergence properties of beliefs, not informational
efficiency of markets. The closest to ours is Santosh| (2020)) that studies Kalman filtering and
stochastic volatility under learning analog of diagnostic expectations similar to ours. Finally,
our work is connected to the literature exploring the informational efficiency of markets, a
large body of literature whose full review is beyond our scopes. Here we limit to note the
recent work by |Vives| (2017), exploring the inefficiencies in information transmission in a

linear quadratic setting similar to the model we explore in Section
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The paper is organized as follows: Section [2 lays out the definition of the diagnostic
updating we use throughout the paper as long as a few basic properties. Section |3| presents
the analysis of a sequential trading model under diagnostic learning, as well as the particular
case in which the market maker features extreme under-reaction and the model becomes
analogous to a pure social learning setting. Section 4| makes the point that the possibility of
cascades is not the driving force of our results, by showing that over-reaction is still welfare
improving in a classic linear quadratic model of trade with unbounded signals. All proofs

are in the Appendix.

2 A non Bayesian learning model

In this section we introduce a learning model based on diagnostic expectations. Consider an
agent that has to learn the state of the world w, on which she has a prior belief, with density
po(w). The agent observes a signal X, whose likelihood is known to be [(X|w). The standard
Bayesian updating operator takes as inputs the prior density, the likelihood function and
the observed signal, and it prescribes to update beliefs about w from pg(w) to the Bayesian

posterior:

(X |w)polw)
JIX T po (o) e

BU(l, po)(w) : (1)

Following Bordalo et al. (2018), we assume that agent’s updating rule departs from the

standard Bayes rule, as follows:

0

o L
B 1)) = B0 o))

where Z is a normalization constant. This rule can be founded on the representativeness
heuristics (Tversky and Kahneman (1974)): current information is exaggerated when for

representative states w, which are those whose the likelihood ratio relative past assessment,

BU(l,po)(w)

@) increased. The scalar parameter § > —1 controls the departure from the Bayesian

case. When 6 > 0 the model delivers over-reaction to information. Specifically, the previous



formula says that states w which are more likely under BU(I, pp)(w) than under py(w), i.e.
representative states, are over-weighted. On the contrary, states w which are less likely under
BU(l, po)(w) than under po(w), are under-weighted. Thus, we say that for § > 0 posterior
beliefs over-react to information. On the contrary, for —1 < 6 < 0, posterior beliefs under-
react to information.

The next proposition sums up two general properties of diagnostic updating that are
useful to keep in mind in the following. First, consistency: when facing multiple observations,
Xq,...,X;, agents can update their beliefs in one round, or sequentially; in this latter case,

at each step, the prior belief is the previous step distorted posterior belief:

_ I(X1,. .. Xi|w)pg(w)
JUX, . X o) Hopo (w')dw

B (1, po) (w)

Consistency states that the posterior distribution after observing many signals is the same
if we perform the updating once simultaneously, or sequentially (hence, also independent of
the order). This is a convenient property when we study the dynamics. Second: diagnostic

updating does not affect long-run learning by an agent in isolation.
Theorem 1. Diagnostic updating satisfies the following properties:

1. Consistency For ke {1,...,t —1}:

B (1, po)(w) = BUL_,(1, BU(1, po)) (w)

2. Asymptotic learning (in isolation) Consider i.i.d. signals X, with likelihood I(X:|w),
such that (X |w) # [(X|w') if w # ', and consider a prior py on w. Consider the cases

where the prior is discrete or both signals and prior are continuous (for now).

Call I the measure on the space of realizations X = (X1, Xa, ...) defined by the product
measure of the likelihoods I(-|w). Then for po-almost every w the diagnostic learning
converges a.s., that is:

Pl(we B|Xy,...,X;) = lyren 152 —as.

w
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3 Sequential Learning and Market Efficiency

How does over-reaction impact informational efficiency in financial markets? Even in ratio-
nal financial markets, informational efficiency may be constrained by herding, namely the
phenomenon where traders temporarily neglect private information and copy actions of other
traders. (Lakonishok et al.| (1992))) and (Nofsinger and Sias (1999)) document herding using
trading data of institutional investors; |Cipriani and Guarino (2014)) find herding an experi-
mental setting with sequential trading. Theoretically, (Avery and Zemsky| (1998)) builds on
the financial market model of (Glosten and Milgrom| (1985))) and show that rational herding
occurs when there are multiple dimensions of uncertainty about the true fundamental value
of the single asset traded in the market. (Park and Sabourian (2011))) consider rich structures
of signals and state spaces, and characterize the occurrence of rational herding in financial
markets with sequential trading depending on the shape of the signals. Both the papers
also characterize the occurrence of informational cascades, which are defined as permanent
herding. Informational cascades have broader implications than financial markets: they can
occur also in the purely sequential social learning settings, such as (Banerjee| (1992)) and
(Bikhchandani et al.| (1992)).

Here, we consider a simple model of financial market with sequential trading and we
show that over-reaction may increase market informational efficiency, as opposed to Bayesian
rationality. Because traders over-react to their signals, we show that with over-reaction
they inject more information into prices, and it is therefore less likely to get stuck into
informational cascades, relative to Bayesian rationality. Traders’ valuation of the asset is
more extreme with over-reaction, hence buy trade is more likely to signal positive information
about the asset. On the contrary, under-reaction shrink traders’ valuation toward the public
valuation, and with under-reaction it is less likely to escape an informational cascade, relative
to Bayesian rationality. This is also true in the case of purely social learning, which is the limit
of our model when prices are infinitely sticky. When traders react differently to information
relative to the market maker, the model has richer predictions: over-reaction exaggerate
private signals, yet differential reactions across traders and the marker makers also distorts

the weight attached to public information. The balance between the two forces depends on



the details of the market and determines the actual features of the price process.

3.1 The Model

A single asset with binary fundamental value V' € {0, 1} is traded. Time is discrete. At
each time ¢ > 1, a risk-neutral market maker (e.g. a broker or the stock exchange) sets the
price of single traded unit of the asset as the expected value of the fundamental, given public
information and given his beliefs. Public information is defined as the history of past trades:
H; = (ai,...,a;), where a; = B (Buy) or a; = S (Sell). Therefore, the price of the asset at

time ¢ reads:
pe = Eym [V He) = Pryu(V = 1|Hy), (3)

where the label ”MM” denotes the expectation is taken using the beliefs of the market maker.
At each time t > 1, a risk-neutral trader enters the market, she trades and the she exits the
market forever. She observes both public information, H;, and an informative binary private

signal s, € {—1, 1} about the fundamental. She buys if and only if:
Err[VI|Hy, si] > p, (4)

otherwise she sells. "TR” denotes the expectation is taken using the beliefs of the trader.
The model features asymmetric information: traders observe private signals, while the market
maker does not. Indeed the goal the seminal paper of (Glosten and Milgrom| (1985)), which
started the sequential trading literature, is to study the effects of asymmetric information
in financial markets. We assume further that such asymmetry in information occurs also
time ¢ = 0: the market maker has no information about the fundamental value, namely
Pryy(V = 1) = 3; traders, on the contrary, have some prior information, Prrg(V = 1) =
p > 1 (with no loss of generality about the direction of the inequality). As we shall show,
such ex-ante asymmetric information generates the possibility of informational cascades in
the rational version of the model, while at the same time this specification keeps the model

extremely tractable. Different ways of generating herding and cascades include: additional



sources of uncertainty about the fundamental value of the asset (Avery and Zemsky| (1998))),
richer action-state space structures (Park and Sabourian (2011))), and risk-aversion (Decamps
and Lovo (20006)).

A rational and risk-neutral trader at time ¢, on top of the public information H;, has
private information: she receives a signal s;, which is informative about the fundamental
value of the asset: Pr(s; = £1]2V —1 = +1) = qg and Pr(s; = £1)2V -1 = F1) =1 — g,
with ¢ > % Consider the valuation problem of the trader. If she receives bad news, s; = —1,

then her valuation of the asset reads:

ETR [V‘Ht, St — —1] = PTTR(V = HHt,St = —1) (5)
_ PTTR(V = HHt)PT(St = —1"/ = 17Ht) _ 1 - (6)
Prog(s; = —1|H,) mA (1 —m)s

where 1 —q = Pr(s; = —1|V =1, H;) = Pr(s; = —1|V = 1) because signals are conditionally
iid., and m ;= Epg[V|H,]. Similarly, If she receives good news, s, = 1, then her valuation

of the asset is:

1
E[V|H,, s = 1] = . 7
= "

On the contrary the market maker evaluates the asset as:

1
T =y (8)

EVIH] =p = —F;
1+ Pr(H:|V=1)

Pr(H;|V = 1) and Pr(H;|V = 0) have no labels "MM?” because the likelihood of a stream
of trades H, is independent of the prior of the market maker. Following (Avery and Zemsky
(1998)), we say there is no herding at time t if Epg[V|Hy, s = 1] > py > Erg[V|He, st = —1].
Without herding, a trader who receives a good signal buys, a trader who receives a bad signal
sells: observed trades are then informative about private signals, and the learning process of
the market maker incorporate them into prices. Prices efficiently adjust in the rational case

to prevent herding.



Does herding occur under diagnostic expectations? Herding does not occur if and only if:

E[V|Hy, s¢) > pe > E[V|Hy, s = —1] 9)
Pror(V|H, s¢ = 1) 7 Pror(VIHy, sp = —1)
1 — Pror(V|Hy,se=1)  1—p, 1 — Preg(V|Hy, sy = —1)
Pr(H|V =1) p q Pr(H|V=1) Pr(H|V=1) p 1—¢q (11)
Pr(H|V=0)1-pl—q  Pr(HJ)V=0)" Pr(HJV=01-p ¢
q l—p _1—g¢

< > >
I—gq P q

(10)

(12)

If prior beliefs of traders are not too extreme, then for all trading histories H;, herding does
not occur and prices are perfectly informative about private information. On the contrary,
there is a buy(sell)-cascade starting from time ¢ = 1 if p is close enough to zero (one): then,
prices are completely uninformative about private information.

While in this setting price informativeness can either be full or completely absent, our
results do not depend on the sequential nature of the trading, as discussed in Section 4.

How does diagnostic learning impact price informativeness? We call § the distortion
parameter of traders and 6 the distortion parameter of the market maker. Consider first the

homogeneous case # = 0. There is no herding if and only if:

ES L[V |Hy, 50 = 1] > poy := BY,\ [VIH,] > BR[V|Hy, 80 = —1] (13)
1+6 1+6
1— 1—
— (L) > LN ( q) . (14)
1—q D q

over-reaction (6 > 0) prevents herding, relative to the Bayesian-rational case (# = 0), in

the sense that the condition to avoid herding is less stringent. On the contrary, with under-
reaction (# < 0) the condition to avoid herding is more stringent.
Second, consider the case where § is the distortion of the traders, while 6 is the distortion

of the market maker. The following results characterizes the occurrence of herding.

Proposition 3.1. There is no herding in the model at time t, if and only if over-reaction of

traders to the private signal s; dominates on the relative mis-reaction of traders with respect
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to the market maker to public information H;:

() (=) -5 () Gaiv=s) -

The proof simply follows from traders’ and market maker valutation formulas. Distorted
learning has three effects. First, traders distortions 6 over-weight the private signal s;, exactly
as in the case # = . Second, learning from public information H, is distorted because the
frequency of actions H, differs relative to the rational case: with over-reaction buying is more
likely after good news. Third, learning from public information is distorted. If traders have
sufficiently high 6 relative to the market maker, namely if § — > 0, then traders over-react
also to public information, relative to the market maker. If § — < 0 instead, traders under-
react to public information. The latter condition can happen even in a world where both
traders and the market maker over-reacts, because what matters for distorted learning from
public information is the difference between the distortion of traders and that of the market
maker. If signals are sufficiently informative, or if 8 is sufficiently high, then over-reaction
prevents herding. The dynamics of the system, in terms of price dynamics is rich, and a full
characterization of it is beyond the scope of this paper. Our focus is instead on informational
efficiency, and we shall consider two benchmark cases: a rational market-maker (# = 0) and
a perfectly rigid market-maker (§ = —1), where the latter maps our model into the purely

social learning setting of (Banerjee| (1992))) and (Bikhchandani et al.| (1992))).

3.2 Rational Market Maker

The dynamics of the model is characterized as follows.

_ _pP_

Theorem 2. Assume =0 and 6 > 0* := Z2+1. Then: after sy = 1, there is a buy cascade;
1—q

after s1 = sy = —1, there is a sell cascade; finally, after sy = —1,s9 = 1 the trader’s choice

at time t = 3 (given s3), is identical to the trader’s choice at time t = 1 (given sy = s3).
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Moreover, the probability of a buy and sell cascades are:

Pr(Buy cascade|V = 1) = Pr(Sell cascade|lV = 0) = S (16)
1—(1-q)q
Pr(Sell cascade|lV = 1) = Pr(Buy cascade|]V =0) =1 — T 1—aq (1q ) (17)
- —4q)q

We measure market informational inefficiency from trader’s perspective as the expected

square distance between the actual price in the long-run, p., and the fundamental value V:
E[(V — peo)?]. (18)

Such loss equals p,, = }L in the case of rational traders, namely # = 0. On the contrary, under
the hypothesis of Theorem , the price under a buy cascade (given V' = 1) is ¢, while the
price under a sell cascade (given V = 0) is (1 — ¢)? (see the proof of theorem (2))). The case

V' = 0 is symmetric. Hence the informational inefficiency reads:

E[(V — pso)?] = (1 — q)*(Pr(Buy cascade|V = 1) + (1 — ¢)*(Pr(Sell cascade|V = 1)) < le
(19)

Market informational efficiency improves with over-reaction (6 > 0*). Over-reaction to news
has the positive effect of partially healing negative informational externalities. While in this
stylized setting over-reaction has only a positive effect, in general sequential trading models it
may also induce herding (temporary cascades), as derived in proposition (3.1)). The optimal
amount of over-reaction in a more realistic market is therefore pinned by its specific features.
Yet, the positive force of over-reaction on the diffusion of the information in financial markets,
which is the focus of the current analysis, is a general effect. We now move to the social

learning case.
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3.3 Sequential Learning and Efficiency: the case of pure social

learning

In this section, we apply our behavioral model of learning to the special case where theta =

—1: the is no market, and the price of the asset is fixed and equal to % This recovers the
models of social learning models (Banerjee| (1992)) and (Bikhchandani et al. (1992))). We
now analyze the dynamics of the model.

Exactly as in the previous section, actions are perfectly revealing at time ¢ = 1. To
understand what are the implications of the distortion 6 for cascades and learning, let us

start with the following definition.

Definition 3.1. The Informational efficient region (IE) is the set of parameters given by

the union of:

p

lanp 1
9—1—121nﬂ pzé, (20)
q
and
nﬁ 1
0+1§1H1L p<§. (21)
—q

The Informational efficient region is the region of parameters such that time t = 1 traders
buy if and only if s; = 1 and therefore ”communicate” her private signal to future agents.
Outside the efficient region, the trader instead chooses the action consistent with his prior
regardless of her the signal. This is crucial in characterizing the behavior of the model. The

following proposition describes such behavior.

Proposition 3.2. If the parameters are in the Informational efficient region, then:

Ifp> % If the first signal is 1, there is a cascade on 1. If the first two signals are (0,0) there

is a cascade on 0. If the first two signals are (0,1), then the third agent faces the same

problem of agent 1. The probability of learning is Pr(a, =V) = ’%.

If p< % There is a cascade on 1 if the first signals are (1,1), there is a cascade on 0 if the

13



first signal is 0. If the first two signals are (1,0), then the third agent faces the same

problem of agent 1. The probability of learning is Pr(as. = V) = p—izgi:gq-

If the parameters are outside of the Informational efficient region, then:

1. If% > p, then all agents play 0 with probability 1 and the probability of learning is 1 —p.

2. ]f% < p, then then all agents play 1 with probability 1, and the probability of learning

18 P.

By the form of the results, we can already see that a larger 6 creates more room for
learning, by enlarging the Informational efficient region. In the following, we make this
argument formal.

A way to quantify the size of the parameter space is to think of the parameters p and ¢
as drawn before the process starts. from a distribution p, with full support on (0, 1) x ( %, 1).
Denote ay, = lim;_,o a;. Consider regions as Ry = IE U {p > %}7 Ry, = IFU{p < %},
N, =I1IEU{p>
fracl2}, and Ny = TEU {p < %} Then the ex-ante probability of learning the correct state

of the world is:

Pr(a, =V) =

pq+ (1 —p)g? pa®+ (1 —p)g
— I 1—p)I I In | d
/(pN1+( p)Nz_'_ l—q(l—q) R1+ 1_q<1_q> R K,

where I(-) represents the indicator function.

Let us define a level of 8 ex-ante efficient if it achieves the maximum of this probability.
The following figures illustrate the situation. In figure |1 we draw the region where Mrl
playing a; = sy is socially efficient, and the region where (Bayesian) Mrl playing a; = s; is
individually efficient (i.e. optimal). As is clear from the figure, a Bayesian updating rule does
not maximize the learning probability: there is a region where it would be socially efficient
that Mrl plays a; = s1, but a Bayesian agent, since he does not internalize the information
externality on other agents, does not. In figure [2| we plot instead the informational efficient

regions for different values of the parameter #: we can see that there are moderate values

14



0.8 B

| | O Revealing is efficient
04 i Mr 1 reveals, Bayesian

0.2+ B

0.0 B

Figure 1: The areas of the parameter space where revealing is efficient, and the area where
a Bayesian agent reveals. The figure shows that the Bayesian updating fails to be socially
efficient: there is a region where agent 1 does not reveal but it would be socially optimal to
do so.

of over-reaction that increases the probability of learning. In the following proposition, we

show that there is a value of # that actually achieve ex-ante efficiency.

Theorem 3. If the parameters p,q are drawn from a distribution p with full support on

(0,1) x (%, 1), the distorted updating with 0 = 1 is ex-ante efficient.
Given the importance of the result, we report the proof here in the main text.

Proof. Let us focus on the subset of the parameter space where {p > %}, the reasoning for

p < % is analogous. The the ex-ante probability of learning is:

in (25) +(1-p)d* in (25)
Io+1< 7 ba PO rlg1> 2/
/ o R T 1—¢q(1-q) T

pg+(1—p)g?
1—q(1—q) ’

outside is just p. The probability of learning is higher inside the Revelation region if and

In the Informational efficient region IE, the probability of learning is while
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[0 Revealing is efficient

1 Mr 1 reveals, overreaction: 6=1.5

| [ Mr 1 reveals, overreaction: 6=0.5
[ Mr 1 reveals, underreaction: 6=-0.5

out[+J=

q

Figure 2: The areas of the parameter space where revealing is efficient, and the area where
agent with different degree of distortion reveal. It is clear that under-reaction is always worse
than Bayesian, while a moderate over-reaction can be socially better than Bayesian.

only if:
1— 2
popat (1—p)g 7
1—¢(1—q)
which is equivalent to:
2
q
< 7.
Pt e

Now we can rewrite the condition defining the IE region:

st
p < .
(1 — q)0+1 + ¢f+1
Depending on 6, (1_;)—22+q2 can be larger or smaller than (1_11)31%, with equality for ¢ = %

g =1, and for all ¢ if # = 1.

If § < 1, it means that there is a region outside the I E region (with positive mass, because
of the full support assumption on p) with probability of learning p, strictly smaller than the
corresponding probability if it belonged to the I E, hence by increasing 6 the probability of

learning would increase. If # > 1, on the contrary, there is a region that belongs to I E where

16



the probability of learning is smaller than p. Hence, the maximum is achieved for # = 1.

4 Simultaneous exchange and market efficiency

The cascades model is very stylized in two major dimensions:

1. signal’s likelihood ratios are bounded away from 1 and (ﬂ), which means that the
informativeness of each signal is limited. (Smith and Sgrensen| (2000)) identifies this as

a necessary condition for the presence of cascades.
2. the model features unit demand and supply.

The goal of this section is to show that the main insights derived in the previous sections
are independent of the two features above. Specifically, in this section we explore the impli-
cations of diagnostic expectations in a linear quadratic Gaussian model of exchange, similar
to the one used by (Bordalo et al.| (2020)) or (Grossman and Stiglitz (1980))). Formally, we
assume that there is a continuum of agents indexed by i € [0, 1] and represented with the
density f. Each of them can decide her position D; with respect to the only asset exchanged,
where short sales are allowed (D; can be negative). The price of the asset realized on the
market is p and the marginal value of the asset is V. We assume that the utility of an agent
¢ holding D; units of the asset is:

1

This functional form, coupled with normality of the variables involved, yields an equilib-
rium very similar to the one obtained via CARA preferences (as in (Bordalo et al.| (2020)),
(Grossman and Stiglitz| (1980)) and others), but assuming the linear quadratic functional

form directly simplifies the welfare analysis, that is what we are interested inE]

20r simply bounded, in the terminology of (Smith and Sgrensen| (2000)

3This functional form has a risk aversion coefficient of r4(D) = ﬁ’ that is naturally not constant,
but exemplifies how the parameter v can be taken to represent a measure of the strength of risk aversion
(because r4(D) is increasing in v for fixed D;).
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Every agent has access to a private signal s; that has a distribution A/ (V,1) conditional
on V. Agents have a common prior on V that is A(0,1). Aggregate supply of the asset is
random S ~ AN(0, 1), and the realized price is the value p that clears the market, namely p
such that [ D;(p)f(i)di = S. As for the model in the previous section, we assume agents
have diagnostic expectations with parameter 6. This means that they distort their posterior
beliefs after observing both the private signal and the priceff] To solve the model we follow
(Bordalo et al.| (2020))) in looking for a diagnostic expectations equilibrium, namely a pricing

function p(V,S), and demand functions D;(p, s;), such that:

1. the demand maximizes trader ¢ distorted expected utility given the observation of the
private signal s; and the price p, formally: D;(p, s;) € arg max{E’[u; | s;,p(S,V)]}. EY

is the expectation operator given the diagnostic posterior;
2. the price clears the market: [ D;(p(S,V),s;)f(i)di = S.

In particular, it is crucial that agents in equilibrium use the price as a signal for the
fundamental V', and make inference on that to form their posterior.

The model of this section thus departs in two important ways from the discrete cascades
model. First, signals are unbounded, and, second, trade volume is not fixed to 1 but is

variable. Specifically, the demand /supply of each agent is:

BV L —p
gl

D, (22)

As is standard, the larger the departure of the expected valuation from the price (the asym-
metry of information), the more aggressive the trading, both short or long.
The last ingredient we need is welfare. Since in this economy all agents are identical, it

is particularly simple and unambiguous.

Definition 4.1. In this economy (ex-ante) social welfare is:

W = /]E(ul)f(z)dz = E(w;)

4Note that by Theorem [1| for the purposes of the diagnostic updating the order in which agents observe
the signal and the price is immaterial.
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The last equality follows from the fact that the only heterogeneity in this economy is after
observing signals, hence the expected utilities of all agents are identicalﬂ
First, a calculation yields the following lemma, important for the following: the distorted

updating of a normal distribution is still normal.

Lemma 4.1. If you have a prior N (uy,08), and a likelihood N (p,0?), then the posterior

distribution after the diagnostic updating is:

S 1 1
N[ rwrn2 ,
(o) (57e) 33m

Using equation , the model can be solved through the classic procedure: assume a

linear pricing function p = a + bV + ¢S, compute the expectations of each agent, and use
the market clearing conditions to find equations for the three parameters a, b, ¢. The crucial
parameter to look at is the informational content of prices, namely b*/c%. This is the relevant
parameter because conditional on V' the price (renormalized, £5*) has distribution N (V, g—;) .
Hence, b?/c? is the precision of the price as a signal of V. The next proposition sums up the

crucial properties of the solution.

Proposition 4.1. The precision b*/c? is increasing in 6.
Society’s welfare W is increasing in the precision 107_2

Hence, society’s welfare W is increasing in 6.

The intuition for the result is the following: over-reaction causes the price to be more
informative, increasing the precision lc’—z This, in turn, is beneficial for the agents, because
as the equation for the demand shows, agents’ choices (hence, their utility) crucially
depend on their ability to estimate V' correctly.

Again, as in the previous model, we find a beneficial effect of over-reaction for society,

in a form that is even more extreme that in the cascades example: here the optimal over-

reaction would be infinite. Note that this happens even if we chose a specification of the utility

5Tn particular, we would obtain the same expression if we started from a more general specification for
the utilitarian social welfare: W = [E(u;)A(2) f(i)di, where A\(i) are the Pareto weights.
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function that by itself penalizes larger trades (the quadratic term is a cost convex in the trade
volume), so, absent the market mechanism, makes under-reaction more convenient (because
under-reaction generates smaller trade volume). Why is this the case? To understand the
mechanics, it is useful to start from a simplified setting in which agents fail to recognize
the informational content of the price, and base their forecast only on the private signal,
I = {s;}.

Let us examine equation 22 Market clearing gives

p= / E[V | L)f(i)di — S (23)

So the price is essentially the average expectation, plus a noise term. This clarifies that,
on average, the demand is positive when the agent receives a signal larger than the average
s; >V, and negative otherwise. The noise comes from the random supply: agents are not
able to distinguish which part of the price is the average expectation and what part is noise.
A larger # means that for the same signal the trader trades more aggressively, and so the
expectations part becomes more prominent with respect to the noise. As a consequence, the
price is a more precise signal of the fundamental.

To see the mechanism in a more concrete way, consider the following modification of the
setting just described. Everything is as in the main model, but agents fail to understand
the informational content of prices. Technically, definition 4.1 is modified in the following
way: agents optimize E[u; | s;]. In this setting, over-reaction still implies that the price is a
more precise signal of the fundamental, but agents do not benefit from a the precision of the
price signal. As a consequence, over-reaction is not optimal any more, indeed we find that

under-reaction is optimal instead. The formal result is in the next proposition.

Proposition 4.2. If agents neglect the informational content of prices, the precision of the
price as a signal of the fundamental, g—i 1s still increasing in 0, but society’s welfare W s

decreasing in 6.
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5 Conclusion

We presented an analysis of the welfare implications of over-reaction, a deviation from
Bayesian learning that has recently found a lot of support in macro-financial data. Specifi-
cally, we showed through two classic settings used to study asymmetric information in mar-
kets, that over-reaction can be beneficial for society because it creates a positive information
externality. Over-reacting agents, by having beliefs that move more than bayesians, trade
in such a way to reveal more of their private information, either by switching action (in the
Glosten-Milgrom discrete setting), or by trading more aggressively (in the linear Gaussian
trading volume). A recent research line ask why over-reaction is a so pervasive. E] Our results
suggest that in informationally complex settings, a society or a market with over-reacting
agents might have an advantage, thus suggesting an explanation through an evolutionary
channel. A further step to understand the consequences of over-reaction is more realistic
markets is to include heterogeneous beliefs as a wealth of research using survey data docu-

mented. This is anevue for future research.

6Recent works in this spirit are (? and (Afrouzi et al.| (2020)).
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A  Proofs

A.1 Theorem 1

)

Proof. We assumed a buy cascade in the rational cascade starting at time ¢t = 1 (the sell

_ _p_
cascade case is symmetrical). Namely: = > z;q > %. Also: 6 =0and 0 > 0* = 152 + 1.
1—q

For 6 > 6#* in the diagnostic learning case, the first action is perfectly informative of the

1+6 1+6
1— 1—
(—q ) > LS ( q) (24)
l—¢q p q
for 6 > 0*.
If s; =1, then at time t = 2:

(1+9)52 0
1 —
(—q ) (—q ) > P (25)
1—gq 1—gq P

Hence, after s; = 1 there is buy cascade. If s; = —1 and sy = —1 then:

—(1+6)—0
1 _
(L) JLler (26)

I—gq D

private signal, because:

hence Hy = S. If instead s, = 1, then:

(+0)-0 | _
(L) Llor (27)
1—¢q P

hence Hy = B. Therefore, after s; = —1, H, is perfectly informative. Then, if s; = —1, 5, =

—1:

(14+60)s3—20
q I—p
— < —=, 28
<1 — Q> % (28)

because we assume 6 sufficiently high. Finally, after s; = —1,s5 = 1 the trader faces the
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identical problem of ¢t = 1.
The probabilty of a buy cascade given V' = 1 is therefore:

Pr(Buy Cascade|V =1) = g + (1 — q)¢Pr(Pr(Buy Cascade|V = 1)). (29)

Hence: Pr(Buy Cascade|V = 1) = t—7t—-. O

(1-9)q

A.2 Theorem 1)

Proof. Consistency

The diagnostic Bayesian operator is defined for t = 1 as:

1 BU, (1, po)(w) \
st ) = Bty (Lpo) () \° B {4 o) (%) '
S B (1, po) (ALY 0
For ¢t > 1 it is defined as:
1 But,(1, BU?_(

Bug(l,po)(w) = But(l,BUf_l(l,po))(UJ) (

Bu?fl<l7 D

BU(1,BU_ (L,po))(w') o
J BU(1, BUE (1, po)) (o) (FAGr st g

Note that this can be rewritten as:

BU, l,BUf,1 [, po))(w ’
BU?(l,po)(u))OCBUt(l,BUf_1(l,po))(W)( I(S’Mf_l(z, ;0)1(2))( ))

0
o< BUy(1, BUS_, (1, po)) (w) (l(Xt!Xl, o X, W)QBZ/{?l(l,po)(w))

BUY_ (1, po)(w)
o U(Xe| Xy, X, w)H@BUf_l(l,po)(w)
X But(lHGapO)(w)’

Note that for any 1 < 7 < ¢
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BUti_(1, BUz(1, po) (w)) (w) = Bl (I, BUL (1", po) (w)) (w) = BU™, po)(w) = BUL (1, po) (w).

This says that sequential updating or "one shot” updating are equivalent. Moreover, we

have the following simplified expression for the updating:

[(X |w) 0 (w
BU’ (1, po) (w) = T ()((|a|)’))1+9 zf; (Edg e (30)

Asymptotic learning
Theorem 2.4 in Miller| (2018]) guarantees that the above is true if § = 0 (Bayesian case).

In general:

1 dP(-|X1,..., X))\’
P(we B|Xy,....X :/ ( L dP(-|Xy,..., X
( X ! s Z2(X1,....X}) dpo (1% ‘)

is that correct? I don’t know. If states are discrete:

P(W|X1,

9 1
P (lelu"th): Z(X1 Xt) pO(

D AN '
5 ) P(1X1, ..., X,)

0
%) P(w|Xi,...,X;) is a continuous function of the Bayesian

belief, hence by the continuous mapping theorem, and the result for the Bayesian case, for

Now for every w <

po-almost every w:

— a.s.

w*

(P(W|X1, X

)\’ Lo
po(w) ) Pw|X1,..., Xi) = loewpo(w) I

Moreover:

— a.s.

0
Z(Xy,... X)) =) <P(w|);;&4}'>' ’Xt)) Pw|Xy,..., X;) = polw*)™0 1%

w
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hence we conclude:

1 (P(LL}|X1,
Z(Xl,...,Xt) po(

XN
>’ t)> Pw|Xi, ..., X)) = ly—wr 12 —as.
w

In the case of continuous signals we have something similar. Assume that the prior and

the likelihoods are bounded, so that all the densities are bounded. We know that:
F(w|X1,...,Xt) — 1w2w* lfﬁ —a.s.
Now by definition of continuous random variable:

F(w|Xq,...,X}) :/ f(WXq,. ., Xy)do

We want to prove that

woo F' Xy, XN o
/_OO f(w ‘Xl,...,Xt) ( fo(w/) > dw' — 1w2w*f0(w )

From the convergence of Bayesian distributions we have for any d > 0:

lim f(W Xy, ., X)dw' =0

t—00 |w—w*|>8

Now we can split the integral above in:

, f(w’|X1,...,Xt))9d , N x (f(w’|X1,...,Xt
/w’w*>5,w’§w f(w |X17 o 7Xt) ( fO(wl) < +/|w’w*|§5,w/§w f(w | b t) fO(w/)

The first integral is smaller than flw—w*\>5 fW'| X, ..., Xy)dw' max|,—+>5 fo — 0 by the
property above, while the second is equal to, by the mean value theorem there exists a w

such that:
fo(u_))_e/ fW'Xy,. .. ,Xt)eHdw'
|w’ —w*|<d,w'<w

where |w* —@| < 4.

Now, if w < w* also this second integral goes to zero, otherwise it goes to 1, and by
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continuity of the prior we conclude:

- FX XN s
[t (TR0 ) o i

repeating the reasoning for the normalization gets rid of the prior and concludes the proof.

[]

A.3 Proof of Proposition (3.2

Mr 1 will play action a; = 1 after observing signal s; = 1 if and only if his posterior is higher

than 7, that is:

= T
pg'to + ( p)(l —q)tt

PRSI S Y ) gl
P \ ¢ T

(58 ()

o(i2-) _n(e)

14 In -
In the last line we used ¢ > % to change the inequality sign. This condition is always true

—
3 |~
—
=

—
|~s

<~ 0+1>
q 1—q

if p > 7, given that § > —1. Its interpretation is that if Mr 1 is ex ante indifferent or in favor
of alternative 1, then if he observes signal s; = 1, he plays a; = 1 for any value of §. On
the contrary if p < 7, meaning that the agent is ex ante in favor of alternative 0, when he
observes signal s; = 1 he might or might not play action a; = 1, depending on the parameter
values. The condition above says that the bigger @ is, the bigger the set of parameters under
which Mr1 revises the prior and plays action a; = 1.

Similarly, after seeing s; = 0, Mr 1 will play action a; = 1 if and only if:

p(1—g)'*?
p(1 =)'+ + (1 —p)g**®

>T




This is never the case never if p < 7, which means that if the agent is in favor of alternative 0
and then he sees the signal s; = 0, he never revises his opinion. On the contrary, depending
on #, the opposite case may be true. Call the above condition 2. Note that the space of
parameter such that condition two is violated increases with 6.

Summing up: if the agent sees s; = 1, then he plays a; = 1 the if either 7 < p or 7 > p and
condition 1 is satisfied. If the agent sees s; = 0, then he plays a; = 0if 7 > p or 7 < p and

condition 2 is violated.

The behavior of Mr 2 will depend on which conditions are satisfied. Consider the infor-

mationally efficient region I'E (for agent 1) defined as:
IE ={(p,7) € [0,1] x R| (7 < p and condition 2 is true) or (t > p and condition 1 is true )}.

If the parameters lie inside I F/, then Mr 2 can perfectly infer Mr1 signal by observing his
action, since a; = s;. Thus Mr 2 effectively observes two signals.
Consider first the case p > 7, namely the prior is in favor of 1. In this case if s; = 1 than
Mr2 will do his Bayesian updating, leading him to play action as; = 1 regardless of his signal.
Similarly for subsequent agents: a cascade therefore starts on state 1 in this case. If instead
a; = s = 0, then if s = 0 Mr2 will do his Bayesian updating, leading him to play action
as = 0 regardless of his signal. Similarly for subsequent agents: a cascade therefore starts
on state 0 in this case. Finally if a; = s; = 0 and s, = 1, then Mr2 will do his Bayesian
updating, leading him to play action ay = 1. However in this case a cascade does not start
immediately, as Mr 3 faces the same problem of Mrl. Here the intuition is straightforward:
opposite signals s; and s, cancel out, and therefore M2 only relies on his prior belief. The
case p < T 1s symmetric.

Resuming the dynamics is characterized as follows:

e if p > 7 then the probability of learning is:

1=0

Pr(as = w) = pPr(as = 1)+(1=p)Pr(as = 0) = (pg + (1 — p)¢*) (i(Q(l - q))i) ;

30



e if p < 7 then the probability of learning is:

Pr(as = w) = pPr(te = 1)+(1—p) Pr(as = 0) = (pg® + (1 — p)q) <Z(CI(1 - Q))i) ;
i=0

Resuming, if s; = so, then ay = s9; if instead s; # s, then M2 2 will stick to his prior
belief. In the former case Mr 3 will also play as = s, regardless of his signal (if s3 = s = 51
this is true since IFy C [ Ey C [Ejy; if s3 # so = s; then Mr3 problem is the same problem
of Mrl, therefore a3 = a3); in the latter case Mr3 problem is the same problem of Mr 1,
therefore as = s3.
Therefore, if the parameters lie [ F;, then i

plays 1 if p > 7, and 0 viceversa. This means that if p > 7 and the first agent revealed his
signal to be 1, then the second agent will always play 1, and this will not be informative for
Mr 3, which will act as if he observed only the signal of the first agent. On the contrary, if
the first agent revealed his signal to be 0 and still p > 7, the second agent reveals his signal,
and Mr 3 updates consequently. Hence, if the conditions on 6 for Mr 1 are satisfied, the first
agent reveals and the second follows if observes the same, and if observes a different signal
it depends on the prior, as should be. If the conditions are satisfied for the first but not
the second agent, it means that the first agent actually does not reveal information, hence
the second agent actually behaves as the first, and it means that he will not reveal anything
either, and we have the applicable cascade (because all subsequent agents will follow).

f Mr 1 plays 1 regardless of the signal s; observed, then Mr 2 has no updating to do, and
will act as if she were the first of the line. This happens with probability 1 — g.

Hence, if agents are all homogeneous, there is a trivial cascade on 1, and the probability
of learning is p.

Mr 3 if he observes 2 identical zeros will ignore his private signals, and we have a cascade
on 0 (the conditions on 6 are trivially satisfied). If he observes 3 different signals, will follow
the most frequent. Anyway, the first 2 signals are sufficient to determine which cascade we

have.
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A.4 Proof of Proposition 4.1

Taking first order conditions we obtain that the demand of agent ¢ is:

E{V | p,si)—p
f)/

Di -
Hence, by market clearing, the equilibrium price is:

_ / EY(V | p,s)f(i)di —~S

Now, let us assume that the price follows the pricing function p = a 4+ bV + ¢S. Then,
the price is a signal distributed as (p —a)/b |V ~ N(V,c?/b?). Using the updating rule for

diagnostic expectations, we find:

(0+1)X; 2
p—ab 1 1
V]sup~N "2 0+ — ,
|50, (( = =2 042+ E02 0124 (0+1)8

so that, in equilibrium:

p:/(0+ 1)s; + (0 +1)2:2%

6424 L2 fdi=as

by the law of large numbers [ X;f(i)di = V and so:

po+(0+1) (V +2525)

p= o124t CF

Solving for p:

(0+1) (v -35)
Y 1_(0+1)6+2+(9+1) T g2y @ s
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so we get the equations for the model parameters:

2 —1
B (0+1)§b— 0+2+0+1)(1-1)%
g2 @2 6+ 2+ G

from which it follows a = 0;

b:

2 -1
(60+1) 0+24+0+1)(1-1)% 0+ 1
0+ 24 6+ 2+ ¢ To42+(0+n(1-0)E

2 —1
B 0+2+0+1)(1-1)%
‘=7 g 42 B¥

b and ¢ can be further solved as:

- @+ 1)b
O+ O+ (-1

(9+2)b+(0+1)(b—1)i—z:9+1

O+1)(1+%)
+1)%

0+ 2+(0 1)2
and
(0+1)<1+’;—§ <1+‘;—§) 2
b+2+(0+1)5 L1485 _< 0_2)7
so that:

It will be useful to express everything in terms of the precision of the price signal, that

1S:
b? 1

2 1 B2\ 2
< Pt a)
and by the implicit function theorem can be seen that it is increasing in 6, which is our first

thesis.
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Finally, the price is:

b? b
- (102): (29
C C

0+ 1)s; + (0 + )25
o424+ B

and so, the demand:

D;=FEV —p=

2

(04 1)s; _p9+2+(0+1) 1-1%

T2 O 6 +2+ &2
b L O+1)% b X 1 b3
= —Y=8; — _— — :__Si_ —_———Y —
7 be+2+(9+1)§—§ b 7 72(1+§—§)763 b
b 1
=TS T ey
RN
Welfare

We now have all the elements to calculate total welfare.

1 1 1 1
LBV =) (EV =p) = 5(B]V = p)’] = SEE[(V =) BV =p) = S(BV =p)* | V]
and
D= BV —p @+ Dsi+ (DR
0+ 2+ " g
0+ D)s; 0+2+(0+1)(1-1)%
I R i P W IV
1 c
= 0+ 1)X;— (0+1)V —(0+1)-5
@+2+wﬂ))(<+ )X; = (0+ 1)V = (0+1)75)
b
()
while

Vop=(1-bV—cS

EI(V ~ p)(EYV —p) | V] = BI(1 = D)V ~ eS)y(~ (s, V) + 8) | V] =

34



b (si=V)+8) | V. 8] | V]

Cc

E[E[((l—b)V—CS)W(—g(si—V)JrS) | V.51 V] =E[(1-0)V—cS)VE[(
E[((1=0)V = cSWE[S |V, S]| V] = E[(1 = )V — cS)yS | V] = —ye

and:

E[(EV —p)* | V] = ’VQIE[(—Z(si V) 4+ 8| V] =42 <ﬁ + 1)

1 /b 1 [0
el () e (e

that is increasing in 6.

so in total:

A.5 Proof of Proposition (4.2

After having observed the signal s;, the posterior of agent 7 is:

Visi~m N <((9 +1)s,) (ﬁ) | M%)

where we maintain that the agent does not make any inference on V' from the value of the

((9;1)31 7p) (0+1)s;
price p. So: D; = +i 22— and the equilibrium price is:
S+ Ds)f)di @+ 1V
B 6+2 7T T2

by the law of large numbers.
Welfare

The total welfare is:

BV = p)(EIV —p) = 5BV =)' = ZBEWV = p)(ELV =p) = 5BV = | V]

and
Ev — :( — =
VorE s G2 0 o T1°
B O@+1)V Vv
V-p=V 712 —|—75—9+2—|—75
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and
O+ 1)(s; = V)

BV~ BV ~ ) | V] =El( g 95 ) (e 4 08) 11

~El( i +75) 05) [ V] =

and
0+1)2
G127

(7~ )

E[(E/V —p)* | V] =

so the total is:

that is decreasing in 6.
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